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Why study convex sets or functions?

▷ We know how to solve convex optimization problems “efficiently”

▷ These problems are called disciplined convex program and have the form:

minimize
x∈Rd

f0(x) ▷ f0 : convex

subject to fi(x) ≤ 0, i = 1, . . . , m, ▷fi : convex
hi(x) = 0, i = 1, . . . , p. ▷ hi : affine

▷ Most real-world problems are nonconvex
• We either approximate them as convex problems
• We solve a sequence of increasingly accurate convex problems
• We “hope” that the problem is locally convex and apply convex

optimization algorithms
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A brief history of convex optimization

▷ 1947: G. Dantzig, who works for US air-forces, presents the Simplex method for
solving LP-problems

▷ 1948: J. Von Neumann establishes the theory of duality for LP-problems
▷ 1951: H.W. Kuhn and A.W. Tucker reinvent Karush’s optimality conditions

(known as KKT conditions)
▷ 1951: H. Markowitz presents his portfolio optimization theory => (1990 Nobel

prize)
▷ 1954: L.R. Ford’s and D.R. Fulkerson’s research on network problems
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A brief history of convex optimization

▷ 1960-1970: Many of the early works on first-order optimization algorithms are
done (mostly developed in Soviet Union)

▷ 1983: Nesterov comes up with accelerated gradient descent
▷ 1984: N. Karmarkar’s polynomial time algorithm for LP-problems begins a

boom period for interior point methods
▷ 1990s: Semidefinite optimization theory
▷ 2010-present: First-order methods become very hot again due to machine

learning
▷ 2014: Performance estimation problem: computer-assisted design and analysis

of optimization algorithms
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How can you tell if a problem is convex?

▷ Need to check convexity of a function f

▷ Approaches:
▷ use basic definition
▷ first or second order conditions, e.g., ∇2f(x) ⪰ 0
▷ via convex calculus: construct f using

• library of basic examples or atoms that are convex
• calculus rules or transformations that preserve convexity



Basic convex functions (convex atoms)

▷ xp for p ≥ 1 or p ≤ 0; −xp for 0 ≤ p ≤ 1 when x > 0
▷ eax for any a,− log x for x > 0, x log x for x > 0
▷ a⊤x + b

▷ x⊤x; x⊤x/y (for y > 0);
√

x⊤x

▷ ∥x∥ (any norm)
▷ max(x1, . . . , xn)
▷ log(ex1 + . . . + exn)
▷ log det X−1 (for X ≻ 0)
▷ These are also called atoms because they are building block of much more

complex convex functions. There are many such atoms, most convex
programs in practice can be built from these atoms. A more complete list
can be found at

• https://jump.dev/Convex.jl/stable/operations/.
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Convex calculus rules

▷ nonnegative scaling: if f is convex then αf is convex if α ≥ 0
▷ sum: if f and g are convex, then so is f + g

▷ affine composition: if f is convex, then so is f(Ax + b)
▷ pointwise maximum: if f1, f2, . . . , fm are convex, then so is

f(x) = maxi∈{1,...,m} fi(x)
▷ pointwise supremum: if f(x, y) is convex in x for all y ∈ S, then

g(x) = supy∈Sf(x, y is convex
▷ partial minimization: if f(x, y) is convex in (x, y) and C is convex, then

g(x) = miny∈C f(x, y) is convex
▷ composition: if h is convex and increasing and f is convex, then

g(x) = h(f(x)) is convex



Proving convexity via convex calculus

▷ piecewise-linear function: f(x) = maxi=1,...,k(a⊤
i x + bi)

▷ ℓ1-regularized least-squares cost: ∥Ax− b∥2
2 + λ∥x∥1 with λ ≥ 0

▷ support-function of a set: SC(x) = maxy∈C x⊤y where C is any set
▷ distance to convex set: f(x) = miny∈C ∥x− y∥2



Proving convexity via computer

▷ The Julia package Convex.jl can recognize convexity in a functions if it
can be constructed via convex calculus

▷ Sometimes, Convex.jl would not be able to prove convexity, in that case
we may have to prove convexity using pen and paper

▷ One useful approach is “restriction on a line”
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“Restriction on a line” approach for proving convexity

Show that f(x) : Rn → R is convex if and only if the single variable function
gu,v(t) = f(u + tv) is convex for any u, v ∈ Rn (t is a scalar).

Proof:
(f cvx⇒gu,v cvx )
f is convex if and only if

f(λx + (1− λ)y) ≤ λf(x) + (1− λ)f(y), λ ∈ [0, 1], x, y ∈ Rn.

In the inequality above, set x← u + t1v, y ← u + t2v, then we have

f(λ(u + t1v) + (1− λ)(u + t2v)) ≤ λf(u + t1v) + (1− λ)f(u + t2v)
⇔ f(u + (λt1 + (1− λ)t2)v) = gu,v(λt1 + (1− λ)t2)

≤ λgu,v(t1) + (1− λ)gu,v(t2),

which is equivalent to saying that gu,v is convex.
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The last line means that f is convex on Rn as x, y could be any points in Rn.
▷ Note that if the domain of f is not the entire space Rn, you need to show

that for any x, y, g(t) = f(x + ty) is convex for all values of t such that x
and x + ty are in the domain of f .
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Applications
Application II: Let f = − ln det X, with dom f := {X ∈ Sn : X ≻ 0}. Show f is
convex.

▷ Let H ∈ Sn, and g(t) = f(X + tH) = − ln det(X + tH), so that

dom g = {t ∈ R : X + tH ≻ 0},
det(X + tH) = det(X1/2) det(I + tX−1/2HX−1/2) det(X1/2)

= det(X) det(I + tH̃), where H̃ = X−1/2HX−1/2,

det(I + tH̃) = det(I + tUDU⊤)
= det(I + tU⊤UD)
= det(I + tD)
=

∏n
i=1(1 + tλi) ▷ λi ≡ eigenvalues of H̃.

Therefore,

g(t) = − ln det X︸ ︷︷ ︸
constant

+
∑n

i=1 [− ln(1 + tλi)]︸ ︷︷ ︸
convex in t

,
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Separating hyperplane theorem
▷ Suppose C and D are two convex sets that do not intersect, i.e., C

⋂
D = ∅

• ⇒ there exist a ̸= 0 and b such that a⊤x ≤ b for all x ∈ C and a⊤x ≥ b for
all x ∈ D.

• i.e., the affine function a⊤x − b is nonpositive on C and nonnegative on D.

▷ The hyperplane {x | a⊤x = b} is called a separating hyperplane for the sets
C and D, or is said to separate the sets C and D.

▷ [Figure 2.19, boyd vandenberghe]
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Converse separating hyperplane theorem is false

▷ Consider C = D = {0}, then we have exist a = 1 ̸= 0 and b = 0 such that
a⊤x ≤ b for all x ∈ C and a⊤x ≥ b for all x ∈ D

▷ But of course C
⋂

D = {0}



Applications of separating hyperplane theorem

▷ Support vector machine
▷ Establishing strong duality under constraint qualification
▷ Collision detection
▷ Computing worst-case function for a given algorithm
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Strict separating hyperplane theorem

▷ Suppose C and D are two closed, convex sets that do not intersect, i.e.,
C
⋂

D = ∅, and at least one of them are bounded
• ⇒ there exist a ̸= 0 and b such that a⊤x < b for all x ∈ C and a⊤x > b for

all x ∈ D.
• i.e., the affine function a⊤x − b is negative on C and positive on D.
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Boundedness is required for strict separation

▷ Consider C = {(x , y) | y ≤ 0}, D = {(x , y) | x ≥ 0, y ≥ 0, xy ≥ 1}
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1 Separating hyperplane theorem and variants

2 Proving Schur’s complement using convex calculus

3 Convex relaxation of nonconvex problems
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Schur’s complement

▷ Schur’s complement: If A is invertible and A ≻ 0 and[
A B

B⊤ C

]
⪰ 0,

Then C − BT A−1B ⪰ 0.

▷ Have many applications:
• Used in numerical linear algebra
• Power system harmonic analysis (Kron reduction)
• Convex relaxation of nonconvex problems
• Generating mathematical proofs in performance estimation literature

▷ Convex calculus rule: If f (x , y) is a jointly convex function in x and y and S
is a convex set, then g(y) = infx∈S f (x , y) is convex.

▷ Prove Schur’s complement using convex calculus
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Schur’s complement
▷ Define

f (x , y) =
[
x
y

]⊤ [ A B
B⊤ C

] [
x
y

]
= x⊤Ax + 2(By)⊤x + y⊤Cy

▷ f is jointly convex in (x , y)

▷ Define g(y) = infx f (x , y), convex in y
• Minimum over all x is achieved when ∇x f (x , y) = 0
• x⋆ = −A−1By

▷

g(y) = f (x⋆, y)
= (−A−1By)⊤A(−A−1By) + 2(By)⊤(−A−1By) + y⊤Cy
= −y⊤B⊤A−1By + y⊤Cy
= yT (−B⊤A−1B + C)y

▷ Applying the convexity result, we know that g(y) is convex and hence its
Hessian is positive semidefinite

▷ −BT A−1B + C ⪰ 0
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1 Separating hyperplane theorem and variants

2 Proving Schur’s complement using convex calculus

3 Convex relaxation of nonconvex problems
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Nonconvex quadratic program

▷ Consider
minimize

x∈Rd
x⊤Qx

subject to x⊤Aix ≥ 0

▷ Under what condition this problem will be nonconvex?
▷ Construct a convex relaxation of this nonconvex problem
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Nonconvex quadratic program
▷ Key idea: x⊤Qx = tr

(
x⊤Qx

)
= tr

(
Qxx⊤) because tr (AB) = tr (BA)

▷ Define a new variable X = xx⊤

▷ So
(

minimize
x∈Rd

x⊤Qx
subject to x⊤Aix ≥ 0

)
=

 minimize
x∈Rd ,X∈Sd

tr (QX )

subject to tr (AiX ) ≥ 0,
X = xx⊤


▷ Consider the relaxation

X ⪰ xx⊤

⇔X − xx⊤ ⪰ 0

⇔
[

1 x⊤

x X

]
⪰ 0

▷ Drop the rank constraint, which leads to the convex relaxation
▷ 

minimize
x∈Rd ,X∈Sd

tr (QX )

subject to tr (AiX ) ≥ 0,[
1 x⊤

x X

]
⪰ 0.



Shuvomoy Das Gupta (MIT) Recitation 1 13 / 14



Nonconvex quadratic program
▷ Key idea: x⊤Qx = tr

(
x⊤Qx

)
= tr

(
Qxx⊤) because tr (AB) = tr (BA)

▷ Define a new variable X = xx⊤

▷ So
(

minimize
x∈Rd

x⊤Qx
subject to x⊤Aix ≥ 0

)
=

 minimize
x∈Rd ,X∈Sd

tr (QX )

subject to tr (AiX ) ≥ 0,
X = xx⊤



▷ Consider the relaxation

X ⪰ xx⊤

⇔X − xx⊤ ⪰ 0

⇔
[

1 x⊤

x X

]
⪰ 0

▷ Drop the rank constraint, which leads to the convex relaxation
▷ 

minimize
x∈Rd ,X∈Sd

tr (QX )

subject to tr (AiX ) ≥ 0,[
1 x⊤

x X

]
⪰ 0.



Shuvomoy Das Gupta (MIT) Recitation 1 13 / 14



Nonconvex quadratic program
▷ Key idea: x⊤Qx = tr

(
x⊤Qx

)
= tr

(
Qxx⊤) because tr (AB) = tr (BA)

▷ Define a new variable X = xx⊤

▷ So
(

minimize
x∈Rd

x⊤Qx
subject to x⊤Aix ≥ 0

)
=

 minimize
x∈Rd ,X∈Sd

tr (QX )

subject to tr (AiX ) ≥ 0,
X = xx⊤


▷ Consider the relaxation

X ⪰ xx⊤

⇔X − xx⊤ ⪰ 0

⇔
[

1 x⊤

x X

]
⪰ 0

▷ Drop the rank constraint, which leads to the convex relaxation
▷ 

minimize
x∈Rd ,X∈Sd

tr (QX )

subject to tr (AiX ) ≥ 0,[
1 x⊤

x X

]
⪰ 0.



Shuvomoy Das Gupta (MIT) Recitation 1 13 / 14



Nonconvex quadratic program
▷ Key idea: x⊤Qx = tr

(
x⊤Qx

)
= tr

(
Qxx⊤) because tr (AB) = tr (BA)

▷ Define a new variable X = xx⊤

▷ So
(

minimize
x∈Rd

x⊤Qx
subject to x⊤Aix ≥ 0

)
=

 minimize
x∈Rd ,X∈Sd

tr (QX )

subject to tr (AiX ) ≥ 0,
X = xx⊤


▷ Consider the relaxation

X ⪰ xx⊤

⇔X − xx⊤ ⪰ 0

⇔
[

1 x⊤

x X

]
⪰ 0

▷ Drop the rank constraint, which leads to the convex relaxation
▷ 

minimize
x∈Rd ,X∈Sd

tr (QX )

subject to tr (AiX ) ≥ 0,[
1 x⊤

x X

]
⪰ 0.


Shuvomoy Das Gupta (MIT) Recitation 1 13 / 14



Applications of SDP relaxation

Applications: Such relaxations works very well in
▷ Max-cut problem
▷ Optimal power flow problem (tight for tree structured network)
▷ Computing bounds on variables for nonconvex problem
▷ Various combination optimization problems
▷ See Boyd, Stephen, and Lieven Vandenberghe. "Semidefinite programming

relaxations of non-convex problems in control and combinatorial
optimization." Communications, Computation, Control, and Signal
Processing: a tribute to Thomas Kailath (1997): 279-287. https://www.
seas.ucla.edu/˜vandenbe/publications/sdp_relaxations.pdf

▷ Solving SDP is very easy in Julia:
https://shuvomoy.github.io/blogs/posts/Solving_semidefinite_
programming_problems_in_Julia/

https://www.seas.ucla.edu/~vandenbe/publications/sdp_relaxations.pdf
https://www.seas.ucla.edu/~vandenbe/publications/sdp_relaxations.pdf
https://shuvomoy.github.io/blogs/posts/Solving_semidefinite_programming_problems_in_Julia/
https://shuvomoy.github.io/blogs/posts/Solving_semidefinite_programming_problems_in_Julia/


Duality and KKT points
“What you seek is seeking you”-Rumi
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History of duality

Figure 1: Werner Fenchel (left), John von Neumann (middle), and Joseph-Louis
Lagrange (right): three key figures in duality (generated by DALL-E-2)
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History of duality

▷ The first step towards duality is constructing a Lagrangian
▷ Lagrangian is named after Joseph-Louis Lagrange (1736-1813)

• He invented Lagrangian while studying general equations of equilibrium for
problems with constraints

▷ John von Neumann (1903-1957) came up with duality theory for linear
programs, it took him one hour1

• Fall 1947: Dantzig visited Neumann to tell him about simplex, which led
to linear programming duality

▷ Convex optimization duality relies on the notion of Fenchel conjugate
• Due to Werner Fenchel (1905 – 1988)

1George B. Dantzig, Impact of Linear Programming on Computer Development. (Highly
Recommended) https://apps.dtic.mil/sti/pdfs/ADA157659.pdf

https://apps.dtic.mil/sti/pdfs/ADA157659.pdf
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1 Lagrangian for a nonlinear problem

2 Weak duality and strong duality

3 Duality ⇒ KKT conditions
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Lagrangian

▷ Standard form problem (not necessarily convex)
▷

p⋆ =
(

minimize
x∈Rd

f0(x)
subject to fi(x) ≤ 0, i = 1, . . . , m.

)
(P)

▷ Throughout this recitation we will assume that p⋆ is finite and optimal
solution x⋆ exists

▷ Lagrangian

L(x, λ) = f0(x) +
m∑

i=1
λi︸︷︷︸
≥0

fi(x) (L)

▷ What is the nature of L(x, λ)?

▷ Interpretation: Lagrangian is a “sort of” penalized form (P)
▷ λi is the Lagrange multiplier associated with fi(x) ≤ 0
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Lagrangian

▷

L(x, λ) = f0(x) +
m∑

i=1
λi︸︷︷︸
≥0

fi(x) (L)

▷ λi acts a penalty term for per unit violation of fi(x) ≤ 0
▷ For a given x, if fi(x) > 0 then λifi(x) will introduce penalty in L(x, λ)
▷ If fi(x) ≤ 0, then λifi(x) will introduce subsidy in L(x, λ)

▷ Minimizing Lagrangian is a “sort of” proxy for minimizing the original
problem (P)

▷ Natural idea: cannot solve (P), lets minimize the Lagrangian for a given
λ ≥ 0
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Lagrange dual function
▷

g(λ) = min
x∈Rd

L(x, λ)

= min
x∈Rd

f0(x) +
m∑

i=1
λi︸︷︷︸
≥0

fi(x)

= −
(

max
x∈Rd

− f0(x) −
m∑

i=1
λi︸︷︷︸
≥0

fi(x)

︸ ︷︷ ︸
convex in λ

)

▷ g(λ) is concave in λ

▷ If we wanted to maximize g(λ), it is an “easy” problem
▷ Computing g(λ) is easy if (P) is convex and can by found by solving

∇f0(x) +
m∑

i=1
λi∇fi(x) = 0
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1 Lagrangian for a nonlinear problem

2 Weak duality and strong duality

3 Duality ⇒ KKT conditions
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Towards weak duality

▷ First nontrivial statement about duality
▷ If we have a feasible x for (P) and λ ≥ 0, then g(λ) ≤ f0(x)
▷ We have p⋆ ≥ d⋆ where

d⋆ =
(

maximize
λ

g(λ)
subject to λ ≥ 0

)
(D)

▷ (D) is called the dual problem

▷ Proof:
• f0(x) ≥ f0(x) +

∑m

i=1 λi︸︷︷︸
≥0

fi(x) = L(x, λ) ≥ minx L(x, λ) = g(λ)

• x⋆ is a feasible point, so p⋆ = f0(x⋆) ≥ g(λ) = d⋆
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Weak duality: “A thing of beauty is a joy for ever”

▷ We just showed, for any λ ≥ 0, we have g(λ) ≤ p⋆

▷ If we want to maximize g(λ), it is an “easy” problem
▷ Natural idea: lets maximize g(λ) to make it as close to p⋆ as possible

d⋆ =
(

maximize
λ

g(λ)
subject to λ ≥ 0

)
(D)

▷ Of course, d⋆ = maxλ≥0 g(λ) ≤ p⋆: this is weak duality

▷ Weak duality always holds
▷ (D) is always a convex optimization problem, no matter what the primal

(P) is
▷ Can be used to find nontrivial lower bounds for difficult problems
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Strong duality

▷ If both (P) and (D) have the same optimal value, we say strong duality
holds

▷ At strong duality d⋆ = p⋆

▷ Does not hold in general
▷ Usually holds for convex problems
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1 Lagrangian for a nonlinear problem

2 Weak duality and strong duality

3 Duality ⇒ KKT conditions
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How duality leads to KKT conditions

▷ KKT point is one of the centerpieces of modern optimization
• Tells what an optimal point (P) for will look like from the view point of

(D)
• It is a system of equations involving both primal and dual variables
• Both primal and dual variables seek an equilibrium like state at optimality

▷ Many primal-dual solvers compute a KKT point
▷ Short form of Karush–Kuhn–Tucker conditions
▷ Harold W. Kuhn and Albert W. Tucker first published the KKT

conditions in 1951
▷ Later it was discovered that William Karush did it in his master’s thesis

in 1939
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KKT Conditions for any problem

▷ Suppose (P) is any problem (not necessarily convex). Consider optimal
primal variable x⋆ and optimal dual variable λ⋆ and suppose strong
duality holds.

▷ Then they will satisfy
• primal feasibility: fi(x⋆) ≤ 0 for i = 1, 2, . . . , m
• dual feasibility: λ⋆

i ≥ 0 for i = 1, 2, . . . , m
• x⋆ is a minimizer of the Lagrangian at λ⋆: ∇f0(x⋆) +

∑m

i=1 λ⋆
i ∇fi(x⋆) = 0

• complementary slackness: λ⋆
i fi(x⋆) = 0, for i = 1, 2, . . . , m

▷ These are the KKT conditions for the primal-dual system
▷ For any optimization problem with differentiable objective and

constraints for which strong duality holds, any pair of primal and dual
optimal point must satisfy KKT conditions.

▷ For convex primal problem, KKT condition is also sufficient for the points
to be primal and dual optimal.
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KKT Conditions for convex problem

▷ Suppose (P) is a convex problem. Consider optimal primal variable x⋆

and optimal dual variable λ⋆. Then they will satisfy
• primal feasibility: fi(x⋆) ≤ 0 for i = 1, 2, . . . , m
• dual feasibility: λ⋆

i ≥ 0 for i = 1, 2, . . . , m
• x⋆ is a minimizer of the Lagrangian at λ⋆: ∇f0(x⋆) +

∑m

i=1 λ⋆
i ∇fi(x⋆) = 0

• complementary slackness: λ⋆
i fi(x⋆) = 0, for i = 1, 2, . . . , m

▷ For a KKT pair in this setup strong duality will hold automatically
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KKT Conditions for convex problem

▷ For a KKT pair strong duality will hold automatically

∇f0(x⋆) +
m∑

i=1
λ⋆

i ∇fi(x⋆) = 0

⇒d⋆ = max
λ≥0

g(λ)

= g(λ⋆)
= min

x
L(x, λ⋆)

= f0(x⋆) +
m∑

i=1

=0 (comp. slack.)︷ ︸︸ ︷
λifi(x⋆)

= f0(x⋆)
= p⋆
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Proof of complementary slackness

▷ x⋆ is an optimal solution to (P), and λ⋆ is an optimal solution to (D),
and strong duality holds

▷ Then

f0(x⋆) = g(λ⋆) = min
x

(L(x, λ⋆))

= min
x

(
f0(x) +

m∑
i=1

λ⋆
i fi(x)

)

≤ f0(x⋆) +
m∑

i=1
λ⋆

i︸︷︷︸
≥0

fi(x⋆)︸ ︷︷ ︸
≤0

▷x⋆ optimal for (P),

≤ f0(x⋆), ▷but this is LHS
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One of the cutest proofs

▷

f0(x⋆) +
m∑

i=1
λ⋆

i︸︷︷︸
≥0

fi(x⋆)︸ ︷︷ ︸
≤0

= f0(x⋆) ⇒
m∑

i=1
λ⋆

i fi(x⋆)︸ ︷︷ ︸
≤0

= 0

▷ If we add a bunch of nonpositive numbers and they add up to zero, then
the only possibility is that each of them is individually zero!

▷ So, we have λifi(x⋆) = 0 for i = 1, . . . , m

▷ Note that this also implies why argminx (f0(x) +
∑m

i=1 λ⋆
i fi(x)) = x⋆i.e.,

the third KKT conditions
▷ One of the cutest proofs that I have every seen!
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Duality for convex QCQP

▷ Consider the convex QCQP where P0 ≻ 0

p⋆ =
(

minimize
x∈Rd

1
2 x⊤P0x + q⊤

0 x + r0

subject to 1
2 x⊤Pix + q⊤

i x + ri ≤ 0, i = 1, . . . , m.

)

▷ Lagrangian

L(x, λ) = 1
2x⊤P0x + q⊤

0 x + r0 +
m∑

i=1
λi

(
1
2x⊤Pix + q⊤

i x + ri

)

= 1
2x⊤

(
P0 +

m∑
i=1

λiPi

)
x + (q0 +

m∑
i=1

λiqi)⊤x + (r0 +
m∑

i=1
λiri)

= 1
2x⊤P (λ)x + q(λ)⊤x + r(λ)
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▷ Lagrangian

L(x, λ) = 1
2x⊤P0x + q⊤

0 x + r0 +
m∑

i=1
λi

(
1
2x⊤Pix + q⊤

i x + ri

)

= 1
2x⊤

(
P0 +

m∑
i=1

λiPi

)
x + (q0 +

m∑
i=1

λiqi)⊤x + (r0 +
m∑

i=1
λiri)

= 1
2x⊤P (λ)x + q(λ)⊤x + r(λ)



Dual function

▷ Dual function: As λ ≥ 0, g(λ) = minx L(x, λ) achieved at

P (λ)x + q(λ) = 0 ⇒ x = −P (λ)−1q(λ)

▷ So

g(λ) = L(x, λ) = 1
2x⊤P (λ)x + q(λ)⊤x + r(λ)

= 1
2
(
−P (λ)−1q(λ)

)⊤
P (λ)

(
−P (λ)−1q(λ)

)
+ q(λ)⊤ (−P (λ)−1q(λ)

)
+ r(λ)

= 1
2q(λ)⊤ P (λ)−1P (λ)︸ ︷︷ ︸

I

P (λ)−1q(λ) − q(λ)⊤P (λ)−1q(λ) + r(λ)

= −1
2q(λ)⊤P (λ)−1q(λ) + r(λ)
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Dual problem

d⋆ =
(

maximize
λ

− 1
2 q(λ)⊤P (λ)−1q(λ) + r(λ)

subject to λ ≥ 0

)
▷ Strong duality will hold if there is a point x that is strictly feasible
▷ Why is − 1

2 q(λ)⊤P (λ)−1q(λ) + r(λ) is concave?
▷ g(λ) = minx

1
2 x⊤ (P0 +

∑m
i=1 λiPi) x+(q0+

∑m
i=1 λiqi)⊤x+(r0+

∑m
i=1 λiri)

▷ Pointwise minimum of a family of affine functions of λ ⇒ it is concave
(See Section 3.2.3 of Boyd and Vandenberghe)
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Please download the notebook

▶ From Canavas please download the zip file Notebook.zip in the
module Recitation 4

▶ Extract the zip file to a location of your choice

▶ Change directory to that folder ∥Ax+ b∥2 ≤ c⊤x+ d

f(x) =

{
∞, x ≤ 0

0, x > 0

▶ Open Julia from terminal and type
cd("C:\\Desktkop’’)
using IJulia

notebook()
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What happened?

▶ Recall the messed up primal problem covered in the class yesterday minimize
x∈Rd

x1 + x2

subject to x2
1 + x2

2 − 2 ≤ 0,√
2− x ≤ 0

 (MESS)

▶ Convex problem :)

▶ KKT conditions did not hold...? What happened?

▶ Lets try to understand this (MESS) step by step



Build the primal-dual system

▶ Consider a slightly general problem with a ≥ 0 minimize
x∈Rd

x1 + x2

subject to x2
1 + x2

2 − 2 ≤ 0,
a− x ≤ 0

 (P)

where in (MESS) we had a =
√
2

▶ Lagrangian

▶

L(x1, x2, λ1, λ2) = x1 + x2 + λ1︸︷︷︸
≥0

(
x2
1 + x2

2 − 2
)
+ λ2︸︷︷︸

≥0

(a− x)

▶ Dual function g(λ1, λ2) = minx L(x1, x2, λ1, λ2), can be computed
by taking derivative of Lagrangian w.r.t (x1, x2) and set it equal to
zero

– optimal solution this problem appears at (−1/2λ1, (λ2 − 1)/2λ1)

Miscellaneous topics 6
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Dual problem

▶ So, dual function in closed form is:

g(λ1, λ2) = −8λ2
1 + λ2

2 − 4aλ2λ1 − 2λ2 + 2

4λ1

▶ Dual problem is(
maximize

λ1,λ2

− 8λ2
1+λ2

2−4aλ2λ1−2λ2+2
4λ1

subject to λ1 ≥ 0, λ2 ≥ 0.

)

▶ g(λ1, λ2) concave, so

– take derivative w.r.t (λ1, λ2)
– set it equal to zero
– if the found (λ1, λ2) is positive, we have the optimal solution
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Lets solve the dual problem

▶ So ∇g(λ1, λ2) =
(

−8λ2
1+λ2

2−2λ2+2

4λ2
1

, 2aλ1−λ2+1
2λ1

)
= (0, 0)

▶ For the solution to exist we need λ1 ̸= 0

▶ Resultant equations are

−8λ2
1 + λ2

2 − 2λ2 + 2 = 0

2aλ1 − λ2 + 1 = 0

▶ Solutions are{(
− 1

2
√
2− a2

, 1− a√
2− a2

)
,

(
1

2
√
2− a2

, 1 +
a√

2− a2

)}
▶ Only the second one can be feasible as long as 2− a2 ≥ 0 (finite

when strictly positive)

▶ x⋆
1 = −

√
2− a2 and x⋆

2 = a ⇒ on the verge of infeasibility for
a =

√
2

▶ But in (P) we set a =
√
2 thus no finite dual can exist, primal is

very ill-posed ⇒ Root cause of all problem :)
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KKT conditions for (P)

▶ Extended arithmetic: 0×∞ = 0 = 0× (−∞)

– See Rockafellar Wets Variational Inequality §E, Chapter 1

▶ Primal solution x⋆ =
(
−
√
2− a2, a

)
, dual solution

λ⋆ =
(
1/(2

√
2− a2), 1 + a/

√
2− a2

)
▶ Primal feasibility: x⋆2

1 + x⋆2
2 − 2 = 0, x⋆

2 − a = 0

▶ Dual feasibility λ⋆ ≥ 0 as long as 2− a2 ≥ 0

▶ Vanishing gradient of Lagrangian:
(2λ⋆

1x
⋆
1 + 1,−λ⋆

2 + 2λ⋆
1x

⋆
2 + 1) = (0, 0)

▶ Complementary slackness λ⋆
1

(
x⋆2
1 + x⋆2

2 − 2
)
= 0 and

λ⋆(x⋆
2 − a) = 0

Miscellaneous topics 9
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Recipe for constructing duals

▶ Standard form problem (not necessarily convex)

p⋆ =

 minimize
x∈Rd

f0(x)

subject to fi(x) ≤ 0, i = 1, . . . ,m,
hi(x) = 0, i = 1, . . . , p.

 (P)

▶ Lagrangian

L(x, λ, ν) = f0(x) +

m∑
i=1

λi︸︷︷︸
≥0

fi(x) +

p∑
i=1

νi︸︷︷︸
free

hi(x) (L)

▶ Dual function
g(λ, ν) = min

x
L(x, λ, ν)

▶ Dual problem

d⋆ =

 maximize
λ,ν

g(λ, ν)

subject to λ ≥ 0,
ν : free

 (D)

Miscellaneous topics 10
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A convexity proof (you can skip this)

▶ Show that

h(λ) = (q0 +

m∑
i=1

λiqi)
⊤

(
P0 +

m∑
i=1

λiPi

)−1

(q0 +

m∑
i=1

λiqi)

is convex in λ if P0 +
∑m

i=1 λiPi ≻ 0.

▶ Proof: A function f is convex if its epigraph
{(x, t) ∈ Rn × R | x ∈ domf, f(x) ≤ t} is a convex set

▶ Epigraph of h

epif =
{
(λ, t) | (q0 +

m∑
i=1

λiqi)
⊤(P0 +

m∑
i=1

λiPi)
−1(q0 +

m∑
i=1

λiqi) ≤ t,

P0 +

m∑
i=1

λiPi ≻ 0
}

Miscellaneous topics 11
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A convexity proof (you can skip this)

▶ Schur’s complement: Let A is invertible and A ≻ 0. Then[
A B
B⊤ C

]
⪰ 0 ⇔ C −BTA−1B ⪰ 0

▶ Note that

t− (q0 +

m∑
i=1

λiqi)
⊤(P0 +

m∑
i=1

λiPi)
−1(q0 +

m∑
i=1

λiqi) ≥ 0

Schur⇒
[

P0 +
∑m

i=1 λiPi q0 +
∑m

i=1 λiqi
(q0 +

∑m
i=1 λiqi)

⊤ t

]
⪰ 0,

which is a linear matrix inequality in the variable (λ, t), a convex
constraint.
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Lets open the ipynb file

▶ We will explore solving problems in practice next
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SDP

• General form SDP

minimize
x

c⊤x

subject to F0 +
∑m

i=1 xiFi ⪰ 0
Ax = b

• An inequality of the form F0 +
∑m

i=1 xiFi ⪰ 0 is a linear matrix
inequality (LMI)

SDP and its many variants 3



LMIs in different form

• Multiple LMI constraints can be combined to create a single one
•

F0 + x1F1 + . . . + xmFm ⪰ 0,

F̃0 + x1F̃1 + . . . + xmF̃m ⪰ 0

can be written as one LMI (· means block matrix with all 0s of
appropriate size)[

F0 ·
· F̃0

]
+ x1

[
F1 ·
· F̃1

]
+ . . . + xm

[
Fm ·

· F̃m

]
⪰ 0.

• Consider Ax ≥ b where A ∈ Rp×m and x ∈ Rm, we can write it as
the LMIa⊤

1 x − b1 · ·

·
... ·

· · a⊤
p x − b

 =

−b1 · ·

·
... ·

· · −b

+
m∑

j=1

xj

(a1)j · ·

·
... ·

· · (ap)j

 ⪰ 0
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Revisit Recitation 2 and HW2

• Recall that in Recitation 2 and HW2 (if you have done it correctly)

we had a constraint
[

1 x⊤

x X

]
⪰ 0 and trX ≤ ρ2

• Is it an LMI?
• Sometimes LMIs are imposed on entire matrix, the SDP solvers

internally convert them into LMIs in standard form

• For illustrations let x = (x1, x2), and X =
[
X11 X12
X12 X22

]
• First step: solvers define an concatenated variable

y ≜ (y1 := x1, y2 := x2, y3 := X11, y4 := X12, y5 := X22)
• Then [

1 x⊤

x X

]
=

 1 x1 x2
x1 X11 X12
x2 X12 X22

 =

 1 y1 y2
y1 y3 y4
y2 y4 y5

 ⪰ 0
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Revisit Recitation 2 and HW2
• First note 1 y1 y2

y1 y3 y4
y2 y4 y5

 =

1 · ·
· · ·
· · ·

 + y1

 · 1 ·
1 · ·
· · ·

 + y2

 · · 1
· · ·
1 · ·


+ y3

· · ·
· 1 ·
· · ·

 + y4

· · ·
· · 1
· 1 ·

 + y5

· · ·
· · ·
· · 1

 ⪰ 0

• Similarly
trX − ρ2 = 0 + y1 [0] + y2 [0] + y3 [1] + y4 [0] + y5 [1] − ρ2 ≤ 0, this
is also an LMI (×(−1) will make it ≥ form)

• Combine them together using the LMI combination recipe

Thus we have an LMI!
• Modern solvers basically does this thing in a very efficient way
• Just write it in the preliminary form, but your model should not

involve any norm, which is very costly
– See “Matrix completion problem: how to reconstruct a distorted

image” on https://tinyurl.com/5f68w9s6

SDP and its many variants 6

https://tinyurl.com/5f68w9s6
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– See “Matrix completion problem: how to reconstruct a distorted

image” on https://tinyurl.com/5f68w9s6
SDP and its many variants 6
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Vector composition rule

• consider g : Rn → Rk and h : Rk → R
• f(x) = h(g1(x), g2(x), . . . , gk(x)) with domf convex
• f is convex if{

gi convex for all i, h convex and increasing in each argument
gi concave for all i, h convex and decreasing in each argument

• implicit: we are establishing convexity on domf ⇒
– we only have to show the conditions on g1, . . . , gk, h on domf

• example:
• f(x) = log

∑k
i=1 exp (gi(x)) is convex if all the gis are convex

• Proof: h(z) = log
∑k

i=1 exp (zi) convex and increasing in each
argument, and each gi is convex, so h(g1(x), . . . , gk(x)) is convex

Vector composition 8



Outline

SDP and its many variants

Vector composition

Perspective of a point

Perspective of a function

Perspective of a point 9



Perspective function

• Suppose x ∈ Rn

• persp(x) = (x1, x2, . . . , xn−1)/xn, dom(persp) = Rn−1 × R++

• Note that persp : Rn → Rn−1

• Consider a set C ∈ Rn such that C ⊆ dom(persp)
• Means that for any x ∈ C the last component xn > 0
• We want to compute persp(C)



Convexity of a set is preserved under persp

• If C ⊆ dom(persp) convex set
– ⇒

persp(C) = {persp(x) | x ∈ C}
= {(x1, x2, . . . , xn−1)/xn | (x1, . . . , xn−1, xn︸︷︷︸

>0

) ∈ C} : convex

• If D is a convex set in Rn, what does persp−1(D) do?
• Formally persp−1(D) = {(x, t) ∈ Rn+1 | (x/t) ∈ D, t > 0}

Perspective of a point 11
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Simple example

• C = {(x1, x2, x3) | (x1 − 3)2 + (x2 − 3)2 + (x3 − 3)2 ≤ 1}
• persp(C) = {(x1, x2)/x3 | (x1 − 3)2 + (x2 − 3)2 + (x3 − 3)2 ≤ 1}

Figure: Simple perspective transformation



persp−1(D) is convex if D is convex (you can skip this)

• D is a convex set in Rn, show that persp−1(D) is convex in Rn+1

• Goal: for any θ ∈ [0, 1], and any u, v ∈ persp−1(D) want to show
θu + (1 − θ)v ∈ persp−1(D)

• By definition persp−1(D) = {(x, t) ∈ Rn+1 | (x/t) ∈ D, t > 0}

• Pick u, v ∈ persp−1(D), then
– by definition (u1, . . . , un)/un+1 ∈ D with un+1 > 0 and

(v1, . . . , vn)/vn+1 ∈ D and vn+1 > 0
– for convenience use notation u1:n = (u1, . . . , un) ∈ Rn and

v1:n = (v1, . . . , vn) ∈ Rn

• Goal: want to show

θu + (1 − θ)v
=θ(u1:n, un+1) + (1 − θ)(v1:n, vn+1)
=(θu1:n, θun+1) + ((1 − θ)v1:n, (1 − θ)vn+1)

is in persp−1(D)

Perspective of a point 13
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persp−1(D) is convex if D is convex (you can skip this)

• Goal: (θu1:n + (1 − θ)v1:n, θun+1 + (1 − θ)vn+1) is in persp−1(D)
• persp−1(D) = {(x, t) ∈ Rn+1 | (x/t) ∈ D, t > 0}

• Equivalent to showing
• (1)

1
θun+1 + (1 − θ)vn+1

(θu1:n + (1 − θ)v1:n)

=
[

θ

θun+1 + (1 − θ)vn+1

]
u1:n +

[
(1 − θ)

θun+1 + (1 − θ)vn+1

]
v1:n ∈ D

and
• (2) θun+1 + (1 − θ)vn+1 > 0
• (2) is obviously true as un+1 > 0 and vn+1 > 0

Perspective of a point 14
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persp−1(D) is convex if D is convex (you can skip this)

• We know that D is convex and u1:n/un+1 ∈ D with un+1 > 0 and
v1:n/vn+1 ∈ D and vn+1 > 0

• So for any α ∈ [0, 1], we have α 1
un+1

u1:n + (1 − α) 1
vn+1

v1:n ∈ D

• Want to ensure α̃ 1
un+1

= θ
θun+1+(1−θ)vn+1

and
(1 − α̃) 1

vn+1
= (1−θ)

θun+1+(1−θ)vn+1
has a solution in α̃ with α̃ ∈ [0, 1]

• Thankfully α̃ = θun+1
θun+1+(1−θ)vn+1

is the only solution and it is clearly
in [0, 1]

Perspective of a point 15
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Perspective of a function f

• Notation y1:n = (y1, y2, . . . , yn)
• f : Rn → R, then perspective of f is a function perspf : Rn+1 → R

defined by

perspf ( y︸︷︷︸
∈Rn+1

) = yn+1 × f

(
1

yn+1
y1:n

)

with domain
dom(perspf ) = {y ∈ Rn+1 | 1

yn+1
y1:n ∈ domf, yn+1 > 0}

• If f is a convex function on domf then perspf is convex (on
dom(perspf ))

• Recall that a function is convex if and only if its epigraph is a
convex set



perspf is convex if f is convex

• epi(perspf ) = {(y, s) | perspf (y) ≤ s}, want to show that it is a
convex set

• f is a convex function, so epif = {(x, t) | f(x) ≤ t} is convex set
• recall: persp−1(D) = {(x, r) | (x/r) ∈ D, r > 0}

• So persp−1(epif) = {(x, t, r) | (x, t)/r ∈ epif, r > 0}

• Define P =

In×n · ·
· · 1
· 1 ·

 which is an invertible permutation

matrix, P (x, t, r) = (x, r, t)
• Will show epi(perspf ) = P (persp−1(epif))

Perspective of a function 18
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perspf is convex if f is convex

(y, s) ∈ epi
(
perspf

)
⇔perspf (y) ≤ s

⇔yn+1f

(
1

yn+1
y1:n

)
≤ s, yn+1 > 0

⇔f

(
1

yn+1
y1:n

)
≤ s

yn+1
, yn+1 > 0

⇔
(

1
yn+1

y1:n,
s

yn+1

)
∈ epif, yn+1 > 0

⇔ 1
yn+1

(y1:n, s) ∈ epif, yn+1 > 0

/*recall persp−1(D) = {(x̃, r̃) | x̃/r̃ ∈ D, r̃ > 0}*/

⇔ (y1:n, s, yn+1) ∈ persp−1(epif) /*multiply both sides by P*/

⇔(y1:n, yn+1, s) = (y, s) ∈ P (persp−1(epif))



perspf is convex if f is convex

•

(y, s) ∈ epi
(
perspf

)
⇔(y, s) ∈ P

(
persp−1(epif)

)
• We have epi(perspf ) = P (persp−1(epif))
• epif convex ⇒persp−1(epif) is convex and persp−1 preserves

convexity of a set
• P

(
persp−1(epif)

)
is convex as P is affine (in fact invertible)

• perspf is a convex function
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Take home messages

▶ GPT-4 was released on March 14, 2023

– You can access it via ChatGPT
– Is capable of doing crazy things

▶ Sebastien Bubeck, one of the biggest names in
optimization+machine learning, gave a full-house talk on GPT-4 on
March 22, Wednesday at MIT CSAIL

– He and his research group had access to GPT-4 while it was being
trained without the filters

– His conclusion: “In short: time time to face it, the sparks of
Artificial General Intelligence have been ignited.”

– He and his coauthors released their findings at
https://arxiv.org/abs/2303.12712

▶ Rumor is training of GPT-4 involved 100 trillion parameters

– Underlying optimization problem has to be the biggest ever

▶ Key technical challenge: how to solve such large optimization
problem?

▶ GPT-4 was trained using some first-order method

https://arxiv.org/abs/2303.12712
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First-order and second-order methods

▶ Second-order methods

– Use second-order derivatives or their approximations
– Focus of 70s–90s. Effective for smaller problems
– Require fewer iterations to solve the optimization problem to high

accuracy, even up to machine precision

▶ First-order methods

– Can be described and analyzed with gradients and subgradients
– Have massively accelerated the training of machine learning
– Requires at most matrix-vector multiplication
– No matrix factorization, thus memory is not an issue
– Sparse matrix-vector multiplication s well studied and can scale on

multi-threaded CPUs, GPUs, and distributed setting
– First-order methods are extremely simple; 2- or 3-line description.

Simpler methods are easy to try out and to parallelize



Deep-learning revolution is due to first-order methods

▶ GPT-3 was trained using the Adam algorithm
▶ GPT-4 was likely trained using some first-order method

Figure: The Adam algorithm (Source: Deep Learning by Goodfellow, Bengio,
and Courville)

First-order methods 5



GPT-4 training

Figure: Usage of first-order methods in GPT-4 training



What is a first-order method?

▶ Want to solve
minimize

x∈Rd
f(x)

▶ Algorithms that can be described and analyzed with gradients ∇f
and/or subgradients f ′

▶ (Sub)Gradient descent:

xi+1︸︷︷︸
new iterate

= xi︸︷︷︸
prev. iterate

−
stepsize︷︸︸︷
hi f ′(xi)︸ ︷︷ ︸

subgradient at prev. iterate

▶ Polyak’s heavy ball method: xi+1 = xi − αif
′(xi) + βi(xi − xi−1)

▶ Nesterov’s fast gradient method:

xi+1 = yi −
1

L
∇f(yi),

yi+1 = xi+1 +
i− 1

i+ 2
(xi+1 − xi)

First-order methods 7
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Generic description of first-order methods

▶ Roughly speaking, all practical first-order methods can be written in
the following form:

pick initial point x0

x1 = x0 − h1,0f
′(x0)

x2 = x1 − h2,0f
′(x0)− h2,1f

′(x1)

x3 = x2 − h3,0f
′(x0)− h3,1f

′(x1)− h3,2f
′(x2)

...

xN = xN−1 −
N−1∑
i=0

hN,if
′(xi)

return xN .

(GFOM)

for some stepsizes or learning rates {hi,j}
▶ (Sub-)Gradient descent, Nesterov’s accelerated method, Polyak’s

heavy ball method all lie in (GFOM)

First-order methods 8



Estimation of function parameters

▶ Someone asked in the class these algorithms need to know function
parameters L, µ and so on

▶ Are these algorithms just for theoretical analysis and completely
useless in practice?

▶ Not at all!

▶ Roughly speaking:

▶ L can be computed using line-search technique, cost is N + log cL
to reach the same termination tolerance

▶ µ can be computed using logarithmic grid search, convergence rate
is the same with a change in the constant

– constant term worsens by a factor of 4

▶ For more details, please see d’Aspremont, Alexandre, Damien Scieur,
and Adrien Taylor. "Acceleration methods." Foundations and
Trends® in Optimization 5.1-2 (2021): 1-245. Link:
https: // arxiv. org/ abs/ 2101. 09545

First-order methods 9
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Subgradient

▶ Want to solve
minimize

x∈Rd
f(x),

but f is not differentiable any more.

Figure: ∥x∥1 for x ∈ R2



Subgradient

▶ Want to solve
minimize

x∈Rd
f(x),

but f is not differentiable any more.

▶ g ∈ Rd is a subgradient of convex f at x if

f(y) ≥ f(x) + g⊤(y − x) ∀ y ∈ Rd.

▶ The subdifferential of convex f at x is

∂f(x) = {g ∈ Rd|f(y) ≥ f(x) + g⊤(y − x) for all y ∈ Rd},

i.e., ∂f(x) = {subgradients of f at x}.
▶ ∂f(x) is a closed convex set, can be empty

▶ ∂f(x) ̸= ∅ if x ∈ relintdom f

▶ Convex f is differentiable at x ⇔ ∂f(x) = {∇f(x)}
▶ x⋆ an optimal solution to minimize

x∈Rd
f(x) ⇔ 0 ∈ ∂f(x⋆)
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Some notation

For α ∈ R, x ∈ Rd, A,B ⊆ Rd, M ∈ Rm×d:

αA = {αa | a ∈ A}
x+A = {x+ a | a ∈ A}
MA = {Ma | a ∈ A}

A+B = {a+ b | a ∈ A, b ∈ B}
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Subdifferential Hello World

▶ Consider f(x) = |x|

Figure: Subdifferential of |x|

▶ ∂|x| =


{−1}, x < 0

{1}, x > 0

[−1, 1], x = 0

=

{
sign(x), x ̸= 0

[−1, 1], x = 0
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Subdifferential Hello World

▶ For x > 0, |x| = x, so ∂f(x) = ∇f(x) = {1}
▶ For x < 0, |x| = −x, so ∂f(x) = ∇f(x) = {−1}

▶ For x = 0, |x| is not differentiable and gradient does not exist

▶ Want to find a subgradient at x = 0 such that
f(y) ≥ f(0) + g × (y − 0) for any y ∈ R.

▶ Note that f(y) = |y| = maxh:−1≤h≤1 h× y
▶ Check:

1. | − 3| = maxh:−1≤h≤1 h× (−3) = 3 where h⋆ = −1
2. |5| = maxh:−1≤h≤1 h× (5) = 5 where h⋆ = 1

▶ So

f(y) = |y| = max
h:−1≤h≤1

h× y ≥ g̃y, for − 1 ≤ g̃ ≤ 1,

⇒f(y) ≥ f(0) + g̃(y − 0), where − 1 ≤ g̃ ≤ 1,

▶ Hence, any g̃ ∈ [−1, 1] will be a subgradient of f at x = 0

Subgradient and subdifferential 15
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Subdifferential of ∥x∥1
▶ Consider f(x) = ∥x∥1 which is not differentiable either

Figure: ∥x∥1 for x ∈ R2

▶ Clearly it looks more complicated, how to compute its subgradient?
Subgradient and subdifferential 16



Computing subdifferential of ∥x∥1 at x = 0

▶ We have f(y) = ∥y∥1 =
∑

i=1 |yi|
▶ Goal: want to find a subgradient at x such that

f(y) ≥ f(0) + g⊤(y − 0) for any y ∈ Rd

f(y) =

d∑
i=1

|yi|︸︷︷︸
maxhi:−1≤hi≤1 hi×yi

=
d∑

i=1

(
max

hi:−1≤hi≤1
hi × yi

)
= max

h1:|hi|≤1
h1y1︸ ︷︷ ︸

≥g̃1y1 for |g̃d|≤1

+ . . .+ max
hd:|hd|≤1

hdyd︸ ︷︷ ︸
≥g̃dyd for |g̃d|≤1

≥ g̃1y1 + . . .+ g̃dyd, where |g̃i| ≤ 1 for all i ∈ {1, . . . , d}
= g̃⊤y, where g̃ = (g̃1, . . . , g̃d) with ∥g̃∥∞ ≤ 1
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Computing subdifferential of ∥x∥1 at x = 0

▶ So, we have f(y) ≥ f(0) + g̃⊤(y − 0) with ∥g̃∥∞ ≤ 1

▶ So any g̃ with ∥g̃∥∞ ≤ 1 will be a subgradient of ∥x∥1 at x = 0

▶ What about subgradient at any point x?

▶ For that we are going to use subgradient calculus rules

Subgradient and subdifferential 18
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Subgradient calculus

▶ Basic rules to compute subgradient or subdifferential

▶ We will take a look at three of them, there are many more

▶ Some references that you can take a look into for more details

– Chapter 2 of Minimization methods for non-differentiable functions
by N Z Shor

– Chapter 2 of Optimization and Nonsmooth Analysis by F H Clarke



Affine composition rule

▶ Affine composition rule: Consider some convex function
h : Rd → Rand define f(x) = h(Ax+ b). Then

∂ (f(x)) = A⊤ × [∂h(z)]z=Ax+b

as long as Ax+ b ∈ domh

▶ Example Consider h(x) = |x| and f(x) = h(a⊤x− b) = |a⊤x− b|

▶ Recall

∂|z| =

{
sign(z), z ̸= 0

[−1, 1], z = 0
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Computing subdifferential of |a⊤x− b|

▶ Want to apply ∂ (f(x)) = A⊤ × [∂h(z)]z=Ax+b , for h(x) = |x| and
f(x) = h(a⊤x− b) = |a⊤x− b|

∂f(x) = h(a⊤x− b) = ∂|a⊤x− b|

= (a⊤)⊤ × [∂h(z)]z=a⊤x−b

= a× [∂|z|]z=a⊤x−b

= a×

[{
sign(z), z ̸= 0

[−1, 1], z = 0

]
z=a⊤x−b

= a×

{
sign(a⊤x− b), a⊤x− b ̸= 0

[−1, 1], a⊤x− b = 0

=

{
a× sign(a⊤x− b), a⊤x− b ̸= 0

a× [−1, 1], a⊤x− b = 0

Computing subgradients using subgradient calculus 22
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Computing subdifferential of |a⊤x− b|

▶

∂|a⊤x− b| =

{
a sign(a⊤x− b), a⊤x− b ̸= 0

a [−1, 1], a⊤x− b = 0



Sum rule for computing subdifferential

▶ Sum rule: Let h : Rd → R and q : Rd → R be convex functions and
let α, β ≥ 0. Define

f(x) = αh(x) + βq(x).

Then for any x ∈ (relintdomh)
⋂
(relintdom q), we have

∂f(x) = α∂h(x) + β∂q(x).

▶ Example: Consider f(x) =
∑m

i=1 |a⊤i x− bi|, what is the
subdifferential?

Computing subgradients using subgradient calculus 24
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Computing subdifferential of
∑m

i=1 |a⊤i x− bi|

▶ Recall we showed that

∂|a⊤x− b| =

{
a sign(a⊤x− b), a⊤x− b ̸= 0

a [−1, 1], a⊤x− b = 0

▶ So,

∂

m∑
i=1

|a⊤i x− bi| =
m∑
i=1

{
ai sign(a

⊤
i x− bi), a⊤i x− bi ̸= 0

ai [−1, 1], a⊤i x− bi = 0

▶ Special case

∂∥x∥1 = ∂

(
m∑
i=1

|e⊤i x− 0|

)

=

m∑
i=1

{
ei sign(e

⊤
i x) = ei × sign(xi), e⊤i x = xi ̸= 0

ei [−1, 1], e⊤i x = xi = 0
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a sign(a⊤x− b), a⊤x− b ̸= 0

a [−1, 1], a⊤x− b = 0

▶ So,

∂

m∑
i=1

|a⊤i x− bi| =
m∑
i=1

{
ai sign(a

⊤
i x− bi), a⊤i x− bi ̸= 0

ai [−1, 1], a⊤i x− bi = 0

▶ Special case

∂∥x∥1 = ∂

(
m∑
i=1

|e⊤i x− 0|

)

=

m∑
i=1

{
ei sign(e

⊤
i x) = ei × sign(xi), e⊤i x = xi ̸= 0

ei [−1, 1], e⊤i x = xi = 0



Subdifferential of pointwise maximum

▶ Pointwise maximum. Suppose fi : Rd → R for i = 1, . . . ,m. Define
f(x) = maxi=1,...,m fi(x). Then for any x ∈ dom f it holds that

∂f(x) = convhull
⋃

i∈active(x)

∂fi(x)

where active(x) denotes index set of the functions that attain
maximum at x

▶ Better to understand this as an algorithm
– We have a point x where we want to compute ∂f(x)
– Evaluate the function f at x
– Find out which functions fi⋆s attain the maximum at x, i.e.,

fi⋆(x) = maxi=1,...,m fi(x).
– Construct active(x) = {i⋆ | fi⋆(x) = f(x)}
– Compute the subdifferential ∂fi(x) of all the fis such that

i ∈ active(x)
– Construct union of all those subdifferentials: S =

⋃
i∈active(x) ∂fi(x)

– Construct the convex hull of S

Computing subgradients using subgradient calculus 26
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▶ While it looks complicated, in practice, we do not need the entire
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Computing subgradient of ∥Ax− b∥∞

▶ f(x) = ∥Ax− b∥∞ = maxi=1,...,m |a⊤i x− bi|
▶ Applying the max rule we have

∂f(x) = convhull
⋃

i∈active(x)

∂|a⊤i x− bi|,

where

∂|a⊤i x− bi| =

{
ai sign(a

⊤
i x− bi), a⊤i x− bi ̸= 0

ai [−1, 1], a⊤i x− bi = 0

▶ One subgradient is given by

f ′(x) =

{
ai⋆ sign(a

⊤
i⋆x− bi⋆), a⊤i⋆x− bi ̸= 0

ai⋆ × any number in[−1, 1], a⊤i⋆x− bi = 0

where |a⊤i⋆x− bi⋆ | = maxi=1,...,m |a⊤i x− bi|
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Midterm

▶ We will release the grade early next week

▶ Do not worry about the midterm grade, you will be fine

▶ In a graduate course, grade does not matter

▶ We are all graduate students

– Our goal is apply the subject material to our research
– Everything else is noise



A poem by GPT-4

▶ Famous quote by Rumi:
Let go of sorrow,
for whatever you have is for you.
Whatever you have lost,
will come back in another form.
The wound is the crack,
where the Light enters your heart.

▶ This is already very profound.

▶ I asked ChatGPT (GPT-4) to make it a rhyming poem in the style
of Rumi himself.



ChatGPT (GPT-4) output

Looking beyond the midterm 32



ChatGPT (GPT-4) output

▶ Key takeway: a first-order method made this poem possible!
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15.084/6.7220 Recitation 7: Subgradient
Methods for Constrained Optimization

“The more you know who you are and what you want, the less you
let things upset you.”-Lost in translation (2003)

Shuvomoy Das Gupta

1
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Project

▶ Most project proposals are approved (please check the comments)

▶ Most project proposals are research oriented and a few review based
projects

▶ Please work consistently on the project, the final project constitutes
a significant portion of your overall grade (30%)

▶ Please send me an email any time if you want to chat about the
project, I am very happy to help

▶ The page limit of 10 pages excludes appendix

▶ You can have an appendix which does not have any page limit
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Recap of subgradient

▶ Want to solve
minimize

x∈Rd
f(x),

but f is not differentiable any more.

Figure: ∥x∥1 for x ∈ R2

Recap of subgradient 5



Recap of subgradient

▶ Assume f is proper i.e., dom f = {x | f(x) < ∞} ≠ ∅
▶ g ∈ Rd is a subgradient of convex f at x if

f(y) ≥ f(x) + g⊤(y − x) for all y ∈ Rd.

▶ The subdifferential of convex f at x is

∂f(x) = {g ∈ Rd|f(y) ≥ f(x) + g⊤(y − x) for all y ∈ Rd},

i.e., ∂f(x) = {subgradients of f at x}.
▶ Common notation: f ′(x) denotes one element of ∂f(x)
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Recap of subgradient

∂f(x) = {g ∈ Rd|f(y) ≥ f(x) + g⊤(y − x) for all y ∈ Rd},

▶ ∂f(x) is a closed convex set, can be empty

▶ If x /∈ dom f then ∂f(x) = ∅
▶ Convex f is differentiable at x ⇔ ∂f(x) = {∇f(x)}
▶ x⋆ an optimal solution to minimize

x∈Rd
f(x) ⇔ 0 ∈ ∂f(x⋆)

Recap of subgradient 7



When would a subgradient exist?

▶ ∂f(x) ̸= ∅ if x ∈ relintdom f

▶ Recall

– aff C is smallest affine set (i.e., translated subspace) that contains
the set C

– relintC = {x ∈ C | B(x, r)
⋂

aff C ⊆ C for some r > 0}

Figure: relintC
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Computing one subgradient of pointwise maximum

▶ Consider f(x) = maxi=1,...,m fi(x), given a point x ∈ relintdom f
how do we compute one subgradient f ′(x)?

▶ We just need one subgradient f ′(x), to that goal we can modify the
algorithm before as follows:

– We have a point x where we want to compute one subgradient

– Evaluate the function f at x

– Find out one function fi⋆ that attains the maximum at x, i.e.,
fi⋆(x) = maxi=1,...,m fi(x)

– Compute one point in the subdifferential of fi⋆(x), i.e, f
′(x) ∈ ∂f(x)
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Constrained convex optimization problem

▶ We want to solve

p⋆ =

(
minimize

x∈Rd
f0(x)

subject to x ∈ C

)
(P)

where f0 is a convex function and C is a closed convex set

▶ We can write the problem equivalently as

p⋆ =
(

minimize
x∈Rd

f0(x) + δC(x)
)
,

where δC(x) is equal to 0 if x ∈ C and equal to ∞ if x /∈ C.

▶ δC(x) is called indicator function of C and is a closed convex
function if C is a closed and convex set

Solving constrained optimization problems via subgradients 11
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Indicator function of a convex set is convex

▶ Let C is closed and convex

▶ The indicator function δC is convex because its epigraph epi δC =
{(x, t) | x ∈ dom δC , δC(x) ≤ t} = {(x, t) | x ∈ C, 0 ≤ t} is convex



Subdifferential of indicator function

▶ Given x we want to find ∂δC(x), where C is closed and convex

▶ If x /∈ dom δC = C, then ∂δC(x) = ∅
▶ Now consider x ∈ dom δC = C, then we have δC(x) = 0. If

g ∈ ∂δC(x) then it will satisfy

δC(y) ≥ δC(x)︸ ︷︷ ︸
=0

+g⊤(y − x), for all y ∈ C

⇔0 ≥ g⊤(y − x), for all y ∈ C

(for y /∈ C it is automatically satisfied)

Solving constrained optimization problems via subgradients 13



Subdifferential of indicator function

▶ Combining everything

∂δC(x) =

{
{g | g⊤(y − x) ≤ 0 for all y ∈ C}, x ∈ C,

∅, x /∈ C.

▶ Subdifferential of indicator function is so important that it has been
given a special name: it is called the normal cone of C



Necessary and sufficient conditions for optimality

▶ We want to solve

p⋆ =

(
minimize

x∈Rd
f0(x)

subject to x ∈ C

)
= minimize

x∈Rd
(f0(x) + δC(x))

(P)
where f0 is a proper (dom f ̸= ∞) convex function and C is a
closed convex set

▶ Assumption: relintdom f
⋂
relintC ̸= ∅

▶ Then x⋆ ∈ C is an optimal solution to (P) if and only if

0 ∈ ∂f(x⋆) + ∂δC(x
⋆)

i.e, there is some g ∈ ∂f(x⋆) such that −g ∈ ∂δC(x
⋆)

▶ For a proof please see Theorem 3.67 of Beck, Amir. First-order
methods in optimization. Society for Industrial and Applied
Mathematics, 2017.
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Subgradient method for constrained optimization

▶ Consider the problem

p⋆ =

(
minimize

x∈Rd
f0(x)

subject to fi(x) ≤ 0 i = 1, . . . ,m,

)

where fi is closed (epi fi is closed set), proper, and convex for
i = 0, . . . ,m. Assume that a finite optimal solution exists.

▶ We can write fi(x) ≤ 0 for i = 1, . . . ,m compactly as
h(x) ≜ maxi∈{1,...,m} fi(x), which is convex

▶ Then

p⋆ =

(
minimize

x∈Rd
f0(x)

subject to h(x) ≤ 0.

)

Alternate subgradient method 17
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Subgradient method for constrained optimization

▶ Alternate subgradient algorithm for solving minx{f0(x) | h(x) ≤ 0}
▶ Initialize at some x0 ∈ Rd

▶ For k = 0, 1, 2, . . . run

xk+1 = xk − sk︸︷︷︸
>0

gk,

until optimality condition is satisfied, where

gk =

{
f ′
0(xk), if xk feasible ⇔ h(xk) ≤ 0

h′(xk), if xk infeasible ⇔ h(xk) > 0

▶ Intuition:
– If the current point xk is feasible, we use an objective subgradient

f ′
0(xk), as if the problem were unconstrained

– If the current point xk is infeasible, we choose any violated
constraint, and use a subgradient of the associated constraint
function

▶ We will investigate the convergence of this algorithm

Alternate subgradient method 18
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Setup and notation

▶ Assumptions

– We have a strictly feasible point xsf such that h(xsf) < 0 (Slater’s
condition) that is suboptimal f0(xf ) > p⋆

– There is one optimal solution x⋆ such that ∥x0 − x⋆∥ ≤ R and
∥x0 − xsf∥ ≤ R

– The subgradient at the iterates are bounded, i.e., there is some
G > 0 such that for all k = 0, 1, . . . we have ∥gk∥ ≤ G

– The stepsize is square summable but not summable i.e.,
limk→∞

∑k
i=0 s

2
i is finite but limk→∞

∑k
i=0 si = ∞ e.g,

si = 1/(i+ 1)

▶ We keep track of the best feasible point found so far via
f⋆
0,k = min{f0(xi) | xi feasible for i = 0, 1, . . . , k}

▶ Convergence result: limk→∞ f⋆
0,k = p⋆

Alternate subgradient method 19
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Convergence proof

▶ We will do a proof by contradiction

▶ Assume limk→∞ f⋆
0,k > p⋆ (by definition f⋆

0,k can not be strictly
smaller than p⋆)

▶ Now

lim
k→∞

f⋆
0,k > p⋆

⇔f⋆
0,k ≥ p⋆ + ϵ for some ϵ > 0 for all k

⇔f0(xi) ≥ p⋆ + ϵ, for some ϵ > 0 for all feasible xi with i ∈ {0, . . . , k}
(divergence)

▶ As a logical statement:
∃ϵ>0 ∀k∈N ∀i∈{0,1,...,k} ∀xi:feasible f0(xi)− p⋆ ≥ ϵ

▶ We will show that something bad will happen we assume
(divergence).
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Convex combination of x⋆ and xsf

▶ Consider the point x̃ = (1− θ)x⋆ + θxsf where θ ∈ [0, 1]

▶ We have

f0(x̃) = f0 ((1− θ)x⋆ + θxsf)

≤ (1− θ)f0(x
⋆) + θf0(xsf)

= f0(x
⋆)︸ ︷︷ ︸

=p⋆

+θ (f0(xsf)− f0(x
⋆))︸ ︷︷ ︸

>0

▶ Set θ := min
{
1, ϵ

2
1

f0(xsf)−p⋆

}
: very cleverly chosen

f0(x̃) ≤ p⋆ +min

{
1,

ϵ

2

1

f0(xsf)− p⋆

}
(f0(xsf)− p⋆)

≤ p⋆ +
ϵ

2

1

(((((((
(f0(xsf)− p⋆)(

((((((
(f0(xsf)− p⋆)

≤ p⋆ +
ϵ

2
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Function value of x̃

▶ So we have

0 ≤ f0(x̃)− p⋆ ≤ ϵ

2
(subopt xtilde)

▶ x̃ is ϵ
2 -suboptimal



Feasibility of x̃

▶ We have x̃ = (1− θ)x⋆ + θxsf where

θ := min
{
1, ϵ

2
1

f0(xsf)−f(x⋆)

}
∈ (0, 1]

▶ x̃ is a convex combination of x⋆ ∈ C and xsf ∈ C, so x̃ ∈ C

▶ Now h(x̃) = h ((1− θ)x⋆ + θxsf) ≤ (1− θ)h(x⋆)︸ ︷︷ ︸
≤0

+θ h(xsf)︸ ︷︷ ︸
<0

< 0

because θ ∈ (0, 1]

▶ So there is some γ > 0 such that

h(x̃) ≤ −γ (strict fsblt x tilde)

▶ Next, we will show every iterate satisfies

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 − si β︸︷︷︸
>0

Proof of alternate subgradient method 24



Feasibility of x̃

▶ We have x̃ = (1− θ)x⋆ + θxsf where

θ := min
{
1, ϵ

2
1

f0(xsf)−f(x⋆)

}
∈ (0, 1]

▶ x̃ is a convex combination of x⋆ ∈ C and xsf ∈ C, so x̃ ∈ C

▶ Now h(x̃) = h ((1− θ)x⋆ + θxsf) ≤ (1− θ)h(x⋆)︸ ︷︷ ︸
≤0

+θ h(xsf)︸ ︷︷ ︸
<0

< 0

because θ ∈ (0, 1]

▶ So there is some γ > 0 such that

h(x̃) ≤ −γ (strict fsblt x tilde)

▶ Next, we will show every iterate satisfies

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 − si β︸︷︷︸
>0

Proof of alternate subgradient method 24



Feasibility of x̃

▶ We have x̃ = (1− θ)x⋆ + θxsf where

θ := min
{
1, ϵ

2
1

f0(xsf)−f(x⋆)

}
∈ (0, 1]

▶ x̃ is a convex combination of x⋆ ∈ C and xsf ∈ C, so x̃ ∈ C

▶ Now h(x̃) = h ((1− θ)x⋆ + θxsf) ≤ (1− θ)h(x⋆)︸ ︷︷ ︸
≤0

+θ h(xsf)︸ ︷︷ ︸
<0

< 0

because θ ∈ (0, 1]

▶ So there is some γ > 0 such that

h(x̃) ≤ −γ (strict fsblt x tilde)

▶ Next, we will show every iterate satisfies

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 − si β︸︷︷︸
>0

Proof of alternate subgradient method 24



Feasibility of x̃

▶ We have x̃ = (1− θ)x⋆ + θxsf where

θ := min
{
1, ϵ

2
1

f0(xsf)−f(x⋆)

}
∈ (0, 1]

▶ x̃ is a convex combination of x⋆ ∈ C and xsf ∈ C, so x̃ ∈ C

▶ Now h(x̃) = h ((1− θ)x⋆ + θxsf) ≤ (1− θ)h(x⋆)︸ ︷︷ ︸
≤0

+θ h(xsf)︸ ︷︷ ︸
<0

< 0

because θ ∈ (0, 1]

▶ So there is some γ > 0 such that

h(x̃) ≤ −γ (strict fsblt x tilde)

▶ Next, we will show every iterate satisfies

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 − si β︸︷︷︸
>0

Proof of alternate subgradient method 24



Case 1: xi feasible

▶ Note that
– From (divergence) we have −f0(xi) + p⋆ ≤ −ϵ and
– From (subopt xtilde) we have f0(x̃)− p⋆ ≤ ϵ

2

– Adding the last two together f0(x̃)− f0(xi) ≤ − ϵ
2

▶ xi feasible means h(xi) ≤ 0

– So here we pick gi ∈ ∂f0(xi), so f0(y) ≥ f0(xi) + g⊤i (y − xi) for
any y

– Set y := x̃ yields f0(x̃)− f0(xi) ≥ g⊤i (x̃− xi)
– Note that

∥xi+1 − x̃∥2 = ∥xi − sigi − x̃∥2 = ∥(xi − x̃)− sigi∥2

= ∥xi − x̃∥2 + s2i ∥gi∥2 − 2sig
⊤
i (xi − x̃)

= ∥xi − x̃∥2 + s2i ∥gi∥2 + 2si g⊤i (x̃− xi)︸ ︷︷ ︸
≤f0(x̃)−f0(xi)

≤ ∥xi − x̃∥2 + s2i ∥gi∥2 + 2si (f0(x̃)− f0(xi))︸ ︷︷ ︸
≤− ϵ

2

≤ ∥xi − x̃∥2 + s2i ∥gi∥2 + si(−ϵ)
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Case 2: xi infeasible

▶ Observe
– xi infeasible means h(xi) > 0 ⇔ −h(xi) < 0
– From (strict fsblt x tilde), we have h(x̃) ≤ −γ
– Adding the last two we have h(x̃)− h(xi) ≤ −γ

▶ Also, when xi infeasible, we pick
– gi ∈ ∂h(xi), so h(y) ≥ h(xi) + g⊤i (y − xi) for any y
– Set y := x̃ yields h(x̃)− h(xi) ≥ g⊤i (x̃− xi)
– Note that

∥xi+1 − x̃∥2 = ∥xi − sigi − x̃∥2 = ∥(xi − x̃)− sigi∥2

= ∥xi − x̃∥2 + s2i ∥gi∥2 − 2sig
⊤
i (xi − x̃)

= ∥xi − x̃∥2 + s2i ∥gi∥2 + 2si g
⊤
i (x̃− xi)︸ ︷︷ ︸

≤h(x̃)−h(xi)

≤ ∥xi − x̃∥2 + s2i ∥gi∥2 + 2si (h(x̃)− h(xi))︸ ︷︷ ︸
≤−γ

≤ ∥xi − x̃∥2 + s2i ∥gi∥2 + si (−2γ)
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Combine the last two steps

▶ When h(xi) ≤ 0 we have

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 + si(−ϵ)

▶ When h(xi) > 0 we have

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 + si (−2γ)

▶ define −β = max(−ϵ,−2γ), clearly β > 0

▶ So, no matter xi is feasible or infeasible, we have for all i = 0, 1, . . .

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 − siβ



A telescoping sum

▶ So, no matter xi is feasible or infeasible, we have for all i = 0, 1, . . .

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 − siβ

▶ Lets do a telescoping sum ranging over i = 0, 1, . . . , k

∥x1 − x̃∥2 − ∥x0 − x̃∥2 ≤ s20∥g0∥2 − s0β

∥x2 − x̃∥2 − ∥x1 − x̃∥2 ≤ s21∥g1∥2 − s1β

...
...

∥xk − x̃∥2 − ∥xk−1 − x̃∥2 ≤ s2k−1∥gk−1∥2 − sk−1β

∥xk+1 − x̃∥2 − ∥xk − x̃∥2 ≤ s2k∥gk∥2 − skβ

▶ Adding the inequalities above yields

∥xk+1 − x̃∥2 − ∥x0 − x̃∥2 ≤
k∑

i=0

s2i ∥gi∥2 − β

k∑
i=0

si
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Arriving at the contradiction

▶ Adding the inequalities above yields

∥xk+1 − x̃∥2 − ∥x0 − x̃∥2 ≤
k∑

i=0

s2i ∥gi∥2 − β

k∑
i=0

si

⇔∥xk+1 − x̃∥2 ≤ ∥x0 − x̃∥2︸ ︷︷ ︸
≤R2

+
k∑

i=0

s2i ∥gi∥2︸ ︷︷ ︸
≤G2

−β
k∑

i=0

si

≤ R2 +G2
k∑

i=0

s2i − β

k∑
i=0

si



Arriving at the contradiction

▶ We have shown

∥xk+1 − x̃∥2 ≤ R2 +G2
k∑

i=0

s2i − β

k∑
i=0

si

⇒0 ≤ R2 +G2
k∑

i=0

s2i − β

k∑
i=0

si

⇔β

k∑
i=0

si ≤ R2 +G2
k∑

i=0

s2i

⇒ β︸︷︷︸
finite,>0

lim
k→∞

k∑
i=0

si︸ ︷︷ ︸
∞

≤ R2 +G2 lim
k→∞

k∑
i=0

s2i︸ ︷︷ ︸
finite

▶ But this leads to contradiction because as k → ∞, the LHS will
blow up, but RHS will converge to a finite number

▶ So, our initial assumption limk→∞ f⋆
0,k > p⋆ cannot be correct

▶ Only possibility is: limk→∞ f⋆
0,k = p⋆



Summary of the proof structure

▶ This type of proof structure is extremely common in optimization

▶ We assumed opposite of what we wanted to prove, goal is a proof by
contradiction

▶ Created x̃ a convex combination of x⋆ and xsf

▶ Showed that x̃ is ϵ/2 suboptimal and −γ strictly feasible

▶ Then showed that

∥xi+1 − x̃∥2 ≤ ∥xi − x̃∥2 + s2i ∥gi∥2 − siβ

where −β = max(−ϵ,−2γ)

▶ Did a telescoping sum which gave us

β

k∑
i=0

si ≤ R2 +G2
k∑

i=0

s2i ,

leading to contradiction



Performance of subgradient methods in practice

▶ In practice the stepsizes skare often chosen based on heuristic - the
homework gives one such heuristic

▶ The subgradient method can be (and often is) slow in practice
compared to second-order methods

Figure: Typical convergence behavior of subgradient-based methods on solving
linear programs



Performance of subgradient methods in practice

Figure: Typical convergence behavior of subgradient-based methods on training
neural networks

▶ This is one of the painful observation in training neural networks,
but this is nothing to be upset about

▶ “The more you know who you are and what you want, the less you
let things upset you.”-Lost in translation

▶ What do you expect from an algorithm that is just a
– few lines of code, has no line search, uses only subgradient?

Proof of alternate subgradient method 33
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ʚǫƨ ƉǫɄǶƉƨ ɄǑ ʚǫƨ ʌɄț˙ƨɼࣗ ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳࣗ țƨŗɼȳǶȳǖ ɼŗʚƨ ʌƉǫƨƕʯțƨ ƕɄ
ȳɄʚ ȭŗʚʚƨɼ
yȳʚƨɼɱɼƨʚŗſțƨ ŗȳƕ ǶȳʌǶǖǫʚǑʯț ʚǫƨɄɼƨȭʌ

! ¥ɄȳࣽƉɄȳ˙ƨ˥ࣘ ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ
ࣞࣞࣞ





�ƨŗʌʚ óɸʯŗɼƨʌ

min
β

‖ķβ − ࡽࡽ‖˦

! ƉɄȳ˙ƨ˥ ɄɱʚǶȭŗțǶʚ˦ ƉɄȳƕǶʚǶɄȳࣘ ķòķβ = ķò˦
! ƨ˾ƉǶƨȳʚ ʌɄț˙ƨɼʌࣘ ƉɄȳȍʯǖŗʚƨ ǖɼŗƕǶƨȳʚ ࣯,eࣱࣗ ɱɼƨƉɄȳƕǶʚǶɄȳƨƕ ,eࣗ çéࣗ
,ǫɄțƨʌȕ ࣖ˦ࣖࣖ





�ƨŗʌʚ óɸʯŗɼƨʌ ˝Ƕʚǫ ࡹ� éƨǖʯțŗɼǶ˲ŗʚǶɄȳ ࣯�ŗʌʌɄࣱ

min
β

‖ķβ − ࡽࡽ‖˦ + λ‖β‖ࡹ

! ࡹ� ȳɄɼȭ ‖β‖ࡹ =
∑Ɛ

Ǯ=ࡹ |βǮ| ƨȳƉɄʯɼŗǖƨʌ ʌɱŗɼʌǶʚ˦

ÿǶſʌǫǶɼŗȳǶ ࣱࣗࢍ࢙࢙ࡹ࣯ ,ŗȳƕƨʌ  ÿŗɄ ࣱࣗࢉࡱࡱࡽ࣯ 6ɄȳɄǫɄ ࣱࢍࡱࡱࡽ࣯

࢙



�ƨŗʌʚ óɸʯŗɼƨʌ ˝Ƕʚǫ eɼɄʯɱ ࡹ� ɼƨǖʯțŗɼǶ˲ŗʚǶɄȳ ࣯eɼɄʯɱ �ŗʌʌɄࣱ

min
β

∥∥∥∥∥

ȋ∑

Ǯ=ࡹ
ķǮβǮ − ˦

∥∥∥∥∥

ࡽ

ࡽ

+ λ
ȋ∑

Ǯ=ࡹ
‖βǮ‖ࡽ

! ƨȳƉɄʯɼŗǖƨʌ ǖɼɄʯɱ ʌɱŗɼʌǶʚ˦ Ƕȳ ʚǫƨ ʌɄțʯʚǶɄȳ [βࡹ, ...,βȋ]ࣗ Ƕࣖƨࣖࣗ ȭɄʌʚ
ſțɄƉȕʌ ŗɼƨ ˲ƨɼɄ

! ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ŗȳƕ ƉɄȳ˙ƨ˥ ɼƨǖʯțŗɼǶ˲ŗʚǶɄȳ ȭƨʚǫɄƕʌ ŗɼƨ ˝ƨțț
ʯȳƕƨɼʌʚɄɄƕ

ĸʯŗȳ  �Ƕȳ ࣱࡱࡱࡽ࣯

ࡱࡹ



ÿŗſțƨ ɄǑ ,Ʉȳʚƨȳʚʌ

ࡹ ,ǫŗțțƨȳǖƨʌ Ƕȳ ƕƨƨɱ țƨŗɼȳǶȳǖ

ࡽ ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ǑɄɼ ʌǫŗțțɄ˝ ȳƨʚ˝Ʉɼȕʌ

ࢁ ,Ʉȳ˙ɄțʯʚǶɄȳŗț ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ ࣯,¥¥ʌࣱ

ࢅ ĬƨƉʚɄɼࣽɄʯʚɱʯʚ ࣯ȭʯțʚǶƉțŗʌʌࣱ ȳƨʚ˝Ʉɼȕʌ

ࢉ $ŗʚƉǫ ȳɄɼȭŗțǶ˲ŗʚǶɄȳ țŗ˦ƨɼʌ

ࢍ eƨȳƨɼŗʚǶ˙ƨ ŗƕ˙ƨɼʌŗɼǶŗț ȳƨʚ˝Ʉɼȕʌ ࣯e�¥ʌࣱ

 6ƨƨɱƨɼ ȳƨʚ˝Ʉɼȕʌ

ࡹࡹ



ÿ˝Ʉࣽțŗ˦ƨɼ ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ éƨ�Ď �ƉʚǶ˙ŗʚǶɄȳ

¡Ʉƕƨțࣘ ¥ɄʚŗʚǶɄȳࣘ

Input

Output
ķ ∈ Rȩ×Ɛ : 6ŗʚŗ ȭŗʚɼǶ˥
˦ ∈ Rȩ : �ŗſƨț ˙ƨƉʚɄɼ
L(·, ·) : �ɼſǶʚɼŗɼ˦ ƉɄȳ˙ƨ˥ țɄʌʌ ǑʯȳƉʚǶɄȳ
β > ࡱ : éƨǖʯțŗɼǶ˲ŗʚǶɄȳ ƉɄƨ˾ƉǶƨȳʚ
İࡹ ∈ RƐ×ȣ,˝ࡽ ∈ Rȣ : �ŗ˦ƨɼ ˝ƨǶǖǫʚʌ

¶ɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ := min
İࡽ˝,ࡹ

L(φ
(
ķİࡹ

)
,ࡽ˝ ˦) +

β

ࡽ (‖İࡽ‖ࡹ^ + (ࡽࡽ‖ࡽ˝‖

˝ǫƨɼƨ φ
(
˕
)
= _2Gl(˕) = (˕)+ ŗȳƕ L(·, ·) Ƕʌ ŗɼſǶʚɼŗɼ˦ ƉɄȳ˙ƨ˥ țɄʌʌ

ǑʯȳƉʚǶɄȳ

ࡽࡹ



ÿ˝Ʉࣽțŗ˦ƨɼ ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ éƨ�Ď �ƉʚǶ˙ŗʚǶɄȳ

¡Ʉƕƨțࣘ ¥ɄʚŗʚǶɄȳࣘ

Input

Output
ķ ∈ Rȩ×Ɛ : 6ŗʚŗ ȭŗʚɼǶ˥
˦ ∈ Rȩ : �ŗſƨț ˙ƨƉʚɄɼ
L(·, ·) : �ɼſǶʚɼŗɼ˦ ƉɄȳ˙ƨ˥ țɄʌʌ ǑʯȳƉʚǶɄȳ
β > ࡱ : éƨǖʯțŗɼǶ˲ŗʚǶɄȳ ƉɄƨ˾ƉǶƨȳʚ
İࡹ ∈ RƐ×ȣ,˝ࡽ ∈ Rȣ : �ŗ˦ƨɼ ˝ƨǶǖǫʚʌ

¶ɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ := min
İࡽ˝,ࡹ

L(φ
(
ķİࡹ

)
,ࡽ˝ ˦) +

β

ࡽ (‖İࡽ‖ࡹ^ + (ࡽࡽ‖ࡽ˝‖

˝ǫƨɼƨ φ
(
˕
)
= _2Gl(˕) = (˕)+ ŗȳƕ L(·, ·) Ƕʌ ŗɼſǶʚɼŗɼ˦ ƉɄȳ˙ƨ˥ țɄʌʌ

ǑʯȳƉʚǶɄȳ ࡽࡹ



¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ŗɼƨ ,Ʉȳ˙ƨ˥ éƨǖʯțŗɼǶ˲ƨɼʌ

¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
İࡹ∈RƐ×ȣ,˝ࡽ∈Rȣ

L(φ
(
ķİࡹ

)
,ࡽ˝ ˦) +

β

ࡽ (‖İࡽ‖ࡹ^ + (ࡽࡽ‖ࡽ˝‖

,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤƅȹȩˉƣ˕ := min
ʯǮ,˙Ǯ∈C

L
( ×∑

Ǯ=ࡹ
6Ǯķ(ʯǮ − ˙Ǯ), ˦

)
+ β

×∑

Ǯ=ࡹ
(‖ʯǮ‖ࡽ + ‖˙Ǯ‖ࡽ)

˝ǫƨɼƨ ,ࡹ6 . . . ,6× ŗɼƨ ̇˥ƨƕ ƕǶŗǖɄȳŗț ȭŗʚɼǶƉƨʌ

ÿǫƨɄɼƨȭ ࣱ࣯
ɤȩȹȩ−ƅȹȩˉƣ˕ = ɤƅȹȩˉƣ˕ ŗȩƐ ŗȩ ȹɤʋǮȣŗȑ ɾȹȑʠʋǮȹȩ ʋȹ ɤȩȹȩ−ƅȹȩˉƣ˕ ƅŗȩ Żƣ
ɮƣƅȹˉƣɮƣƐ ǋɮȹȣ ȹɤʋǮȣŗȑ ȩȹȩࣽˢƣɮȹ {ʯ∗Ǯ , ˙∗Ǯ }×Ǯ=ࡹ ŗɾ ǋȹȑȑȹˍɾ

˝∗
Ǯࡹ =

ʯ∗Ǯ√
‖ʯ∗Ǯ ࡽ‖

∗Ǯࡽˍ, =
√
‖ʯǮ‖ࡽ ȹɮ ˝∗

Ǯࡹ =
˙∗Ǯ√
‖˙∗Ǯ ࡽ‖

∗Ǯࡽˍ, = −
√
‖˙Ǯ‖ࡽ.

ࢁࡹ



¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ŗɼƨ ,Ʉȳ˙ƨ˥ éƨǖʯțŗɼǶ˲ƨɼʌ

¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
İࡹ∈RƐ×ȣ,˝ࡽ∈Rȣ

L(φ
(
ķİࡹ

)
,ࡽ˝ ˦) +

β

ࡽ (‖İࡽ‖ࡹ^ + (ࡽࡽ‖ࡽ˝‖

,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤƅȹȩˉƣ˕ := min
ʯǮ,˙Ǯ∈C

L
( ×∑

Ǯ=ࡹ
6Ǯķ(ʯǮ − ˙Ǯ), ˦

)
+ β

×∑

Ǯ=ࡹ
(‖ʯǮ‖ࡽ + ‖˙Ǯ‖ࡽ)

˝ǫƨɼƨ ,ࡹ6 . . . ,6× ŗɼƨ ̇˥ƨƕ ƕǶŗǖɄȳŗț ȭŗʚɼǶƉƨʌ
ÿǫƨɄɼƨȭ ࣱࢁ࣯
ɤȩȹȩ−ƅȹȩˉƣ˕ = ɤƅȹȩˉƣ˕ ŗȩƐ ŗȩ ȹɤʋǮȣŗȑ ɾȹȑʠʋǮȹȩ ʋȹ ɤȩȹȩ−ƅȹȩˉƣ˕ ƅŗȩ Żƣ
ɮƣƅȹˉƣɮƣƐ ǋɮȹȣ ȹɤʋǮȣŗȑ ȩȹȩࣽˢƣɮȹ {ʯ∗Ǯ , ˙∗Ǯ }×Ǯ=ࡹ ŗɾ ǋȹȑȑȹˍɾ

˝∗
Ǯࡹ =

ʯ∗Ǯ√
‖ʯ∗Ǯ ࡽ‖

∗Ǯࡽˍ, =
√
‖ʯǮ‖ࡽ ȹɮ ˝∗

Ǯࡹ =
˙∗Ǯ√
‖˙∗Ǯ ࡽ‖

∗Ǯࡽˍ, = −
√
‖˙Ǯ‖ࡽ.

ࣖ¡ࢁ âǶțŗȳƉǶࣗ ÿࣖ Eɼǖƨȳࣗ ए¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ŗɼƨ ,Ʉȳ˙ƨ˥ éƨǖʯțŗɼǶ˲ƨɼʌࣖࣖ ऐࣖࣗ y,¡� ࡱࡽࡱࡽ ࢁࡹ



p˦ɱƨɼɱțŗȳƨ �ɼɼŗȳǖƨȭƨȳʚʌ ࣯6Ǯࣱ

ȩ = ࢁ ʌŗȭɱțƨʌ Ƕȳ RƐࣗ Ɛ = ࣗࡽ ķ =




˥òࡹ
˥òࡽ
˥òࢁ



 =




ࡽ ࡽ
ࢁ ࢁ
ࡹ ࡱ



ࣗ ˦ =




ࡹ˖
ࡽ˖
ࢁ˖





linear classi�er
(2,2)

(3,3)

(1,0)

x

y

ࡹ6 =




ࡹ ࡱ ࡱ
ࡱ ࡹ ࡱ
ࡱ ࡱ ࡹ



ࣗ ķࡹ6 =




ࡽ ࡽ
ࢁ ࢁ
ࡹ ࡱ





=⇒ (ķ˝ࡹ)+ = ࡹ˝ķࡹ6

ࢅࡹ



p˦ɱƨɼɱțŗȳƨ �ɼɼŗȳǖƨȭƨȳʚʌ ࣯6Ǯࣱ

ȩ = ࢁ ʌŗȭɱțƨʌ Ƕȳ RƐࣗ Ɛ = ࣗࡽ ķ =




˥òࡹ
˥òࡽ
˥òࢁ



 =




ࡽ ࡽ
ࢁ ࢁ
ࡹ ࡱ



ࣗ ˦ =




ࡹ˖
ࡽ˖
ࢁ˖





linear
classi

�er

(2,2)
(3,3)

(1,0)

x

y

ࡽ6 =




ࡹ ࡱ ࡱ
ࡱ ࡹ ࡱ
ࡱ ࡱ ࡱ



ࣗ ķࡽ6 =




ࡽ ࡽ
ࢁ ࢁ
ࡱ ࡱ





=⇒ (ķ˝ࡽ)+ = ࡽ˝ķࡽ6

ࢅࡹ



p˦ɱƨɼɱțŗȳƨ �ɼɼŗȳǖƨȭƨȳʚʌ ࣯6Ǯࣱ

ȩ = ࢁ ʌŗȭɱțƨʌ Ƕȳ RƐࣗ Ɛ = ࣗࡽ ķ =




˥òࡹ
˥òࡽ
˥òࢁ



 =




ࡽ ࡽ
ࢁ ࢁ
ࡹ ࡱ



ࣗ ˦ =




ࡹ˖
ࡽ˖
ࢁ˖





line
ar
cla

ssi�
er

(2,2)
(3,3)

(1,0)

x

y

ࢁ6 =




ࡱ ࡱ ࡱ
ࡱ ࡱ ࡱ
ࡱ ࡱ ࡹ



ࣗ ķࢁ6 =




ࡱ ࡱ
ࡱ ࡱ
ࡹ ࡱ





=⇒ (ķ˝ࢁ)+ = ࢁ˝ķࢁ6

ࢅࡹ



p˦ɱƨɼɱțŗȳƨ �ɼɼŗȳǖƨȭƨȳʚʌ ࣯6Ǯࣱ

ȩ = ࢁ ʌŗȭɱțƨʌ Ƕȳ RƐࣗ Ɛ = ࣗࡽ ķ =




˥òࡹ
˥òࡽ
˥òࢁ



 =




ࡽ ࡽ
ࢁ ࢁ
ࡹ ࡱ



ࣗ ˦ =




ࡹ˖
ࡽ˖
ࢁ˖




lin
ea
r
cl
as
si
�
er

(2,2)
(3,3)

(1,0)

x

y

ࢅ6 =




ࡱ ࡱ ࡱ
ࡱ ࡱ ࡱ
ࡱ ࡱ ࡱ



ࣗ ķࢅ6 =




ࡱ ࡱ
ࡱ ࡱ
ࡱ ࡱ





=⇒ (ķ˝ࢅ)+ = ࢅ˝ķࢅ6

ࢅࡹ



E˥ŗȭɱțƨࣘ ,Ʉȳ˙ƨ˥ âɼɄǖɼŗȭ ǑɄɼ ȩ = ࣗࢁ Ɛ = ࡽ

ȩ = ࢁ ʌŗȭɱțƨʌ Ƕȳ RƐࣗ Ɛ = ࣗࡽ ķ =




˥òࡹ
˥òࡽ
˥òࢁ



 =




ࡽ ࡽ
ࢁ ࢁ
ࡹ ࡱ



ࣗ ˦ =




ࡹ˖
ࡽ˖
ࢁ˖





min
{ʯǮ,˙Ǯ}ࢁǮ=ࡹ

ࡹ
ࡽ
ࡹķ(ʯࡹ6∥∥∥ − (ࡹ˙ + ࡽķ(ʯࡽ6 − (ࡽ˙ + ࢁķ(ʯࢁ6 − −(ࢁ˙ ˦

∥∥∥
ࡽ

ࡽ

+ β
∑ࢁ

Ǯ=ࡹ
(‖ʯǮ‖ࡽ + ‖˙Ǯ‖ࡽ)

ʌʯſȍƨƉʚ ʚɄ
ࡹķ[ʯࡹ6 [ࡹ˙ ≥ ,ࡱ (yȩ − ࡹķ[ʯ(ࡹ6 [ࡹ˙ ≤ ࡱ
ࡽķ[ʯࡽ6 [ࡽ˙ ≥ ,ࡱ (yȩ − ࡽķ[ʯ(ࡽ6 [ࡽ˙ ≤ ࡱ
ࢁķ[ʯࢁ6 [ࢁ˙ ≥ ,ࡱ (yȩ − ࢁķ[ʯ(ࢁ6 [ࢁ˙ ≤ ࡱ

ƨɸʯǶ˙ŗțƨȳʚ ʚɄ ʚǫƨ ʚ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕࣛ

ࢉࡹ



¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ŗʌ pǶǖǫࣽƕǶȭƨȳʌǶɄȳŗț ĬŗɼǶŗſțƨ óƨțƨƉʚɄɼʌ

¥ɄȳࣽƉɄȳ˙ƨ˥ ,Ʉȳ˙ƨ˥

Input

Output

=

Input

1 0 0

0 0 0

0 0 0

⇥

0 0 0

0 1 0

0 0 0

⇥

. . . 1 0 0

0 1 0

0 0 1

⇥

Output

ķ =





˥òࡹ
˥òࡽ
ࣖࣖ
ࣖ
˥òȩ




∈ Rȩ×Ɛ ========⇒

éƨ�Ď ¥ƨʚ˝Ʉɼȕ
ķ̃ =

[
ķࡹ6 . . . 6×ķ

]
∈ Rȩ×Ɛ×

éƨ�Ď ȳƨʚ˝Ʉɼȕʌ ≡ ƉɄȳ˙ƨ˥ ȭɄƕƨț ʌƨțƨƉʚǶɄȳ ŗɱɱțǶƨƕ ʚɄ ķ̃ ࢍࡹ



ÿɼŗǶȳǶȳǖ ,Ʉȭɱțƨ˥Ƕʚ˦

eǶ˙ƨȳ ʚǫƨ ƕŗʚŗ ķ ∈ Rȩ×Ɛࣗ țƨŗɼȳǶȳǖ ʚ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ
˝Ƕʚǫ ȭ ȳƨʯɼɄȳʌࣘ ǋ(ķ) =∑ȣ

ȃ=ࡹ
(
ķ˝ࡹȃ

)
+
ȃࡽˍ

! âɼƨ˙ǶɄʯʌ ɼƨʌʯțʚࣘ O(ࡽȣȩƐȣ) ࣯�ɼɄɼŗ ƨʚ ŗțࣖࣗ y,�é ࣱࡹࡱࡽ

! ¶ʯɼ ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭࣘ O
((ȩ

ɮ
)ɮ)ࣗ ˝ǫƨɼƨ ɮ := `�MF(ķ)

ȩ : # ɄǑ ʌŗȭɱțƨʌࣗ Ɛ : # ɄǑ Ǒƨŗʚʯɼƨʌ
ɱɄț˦ȳɄȭǶŗț Ƕȳ ȩࣗ Ɛࣗ ŗȳƕ ȣ ǑɄɼ ̇˥ƨƕ ɼŗȳȕ ɮ
ƨ˥ɱɄȳƨȳʚǶŗț Ƕȳ Ɛ ǑɄɼ Ǒʯțț ɼŗȳȕ ƕŗʚŗ ɮ = Ɛࣖ ÿǫǶʌ Ɖŗȳ ȳɄʚ ſƨ ǶȭɱɼɄ˙ƨƕ
ʯȳțƨʌʌ × = �× ƨ˙ƨȳ ǑɄɼ ȣ = ࣖࡹ

ࡹ



ÿɼŗǶȳǶȳǖ ,Ʉȭɱțƨ˥Ƕʚ˦

eǶ˙ƨȳ ʚǫƨ ƕŗʚŗ ķ ∈ Rȩ×Ɛࣗ țƨŗɼȳǶȳǖ ʚ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ
˝Ƕʚǫ ȭ ȳƨʯɼɄȳʌࣘ ǋ(ķ) =∑ȣ

ȃ=ࡹ
(
ķ˝ࡹȃ

)
+
ȃࡽˍ

! âɼƨ˙ǶɄʯʌ ɼƨʌʯțʚࣘ O(ࡽȣȩƐȣ) ࣯�ɼɄɼŗ ƨʚ ŗțࣖࣗ y,�é ࣱࡹࡱࡽ

! ¶ʯɼ ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭࣘ O
((ȩ

ɮ
)ɮ)ࣗ ˝ǫƨɼƨ ɮ := `�MF(ķ)

ȩ : # ɄǑ ʌŗȭɱțƨʌࣗ Ɛ : # ɄǑ Ǒƨŗʚʯɼƨʌ

ɱɄț˦ȳɄȭǶŗț Ƕȳ ȩࣗ Ɛࣗ ŗȳƕ ȣ ǑɄɼ ̇˥ƨƕ ɼŗȳȕ ɮ
ƨ˥ɱɄȳƨȳʚǶŗț Ƕȳ Ɛ ǑɄɼ Ǒʯțț ɼŗȳȕ ƕŗʚŗ ɮ = Ɛࣖ ÿǫǶʌ Ɖŗȳ ȳɄʚ ſƨ ǶȭɱɼɄ˙ƨƕ
ʯȳțƨʌʌ × = �× ƨ˙ƨȳ ǑɄɼ ȣ = ࣖࡹ

ࡹ



ÿɼŗǶȳǶȳǖ ,Ʉȭɱțƨ˥Ƕʚ˦

eǶ˙ƨȳ ʚǫƨ ƕŗʚŗ ķ ∈ Rȩ×Ɛࣗ țƨŗɼȳǶȳǖ ʚ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ
˝Ƕʚǫ ȭ ȳƨʯɼɄȳʌࣘ ǋ(ķ) =∑ȣ

ȃ=ࡹ
(
ķ˝ࡹȃ

)
+
ȃࡽˍ

! âɼƨ˙ǶɄʯʌ ɼƨʌʯțʚࣘ O(ࡽȣȩƐȣ) ࣯�ɼɄɼŗ ƨʚ ŗțࣖࣗ y,�é ࣱࡹࡱࡽ

! ¶ʯɼ ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭࣘ O
((ȩ

ɮ
)ɮ)ࣗ ˝ǫƨɼƨ ɮ := `�MF(ķ)

ȩ : # ɄǑ ʌŗȭɱțƨʌࣗ Ɛ : # ɄǑ Ǒƨŗʚʯɼƨʌ
ɱɄț˦ȳɄȭǶŗț Ƕȳ ȩࣗ Ɛࣗ ŗȳƕ ȣ ǑɄɼ ̇˥ƨƕ ɼŗȳȕ ɮ

ƨ˥ɱɄȳƨȳʚǶŗț Ƕȳ Ɛ ǑɄɼ Ǒʯțț ɼŗȳȕ ƕŗʚŗ ɮ = Ɛࣖ ÿǫǶʌ Ɖŗȳ ȳɄʚ ſƨ ǶȭɱɼɄ˙ƨƕ
ʯȳțƨʌʌ × = �× ƨ˙ƨȳ ǑɄɼ ȣ = ࣖࡹ

ࡹ



ÿɼŗǶȳǶȳǖ ,Ʉȭɱțƨ˥Ƕʚ˦

eǶ˙ƨȳ ʚǫƨ ƕŗʚŗ ķ ∈ Rȩ×Ɛࣗ țƨŗɼȳǶȳǖ ʚ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ
˝Ƕʚǫ ȭ ȳƨʯɼɄȳʌࣘ ǋ(ķ) =∑ȣ

ȃ=ࡹ
(
ķ˝ࡹȃ

)
+
ȃࡽˍ

! âɼƨ˙ǶɄʯʌ ɼƨʌʯțʚࣘ O(ࡽȣȩƐȣ) ࣯�ɼɄɼŗ ƨʚ ŗțࣖࣗ y,�é ࣱࡹࡱࡽ

! ¶ʯɼ ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭࣘ O
((ȩ

ɮ
)ɮ)ࣗ ˝ǫƨɼƨ ɮ := `�MF(ķ)

ȩ : # ɄǑ ʌŗȭɱțƨʌࣗ Ɛ : # ɄǑ Ǒƨŗʚʯɼƨʌ
ɱɄț˦ȳɄȭǶŗț Ƕȳ ȩࣗ Ɛࣗ ŗȳƕ ȣ ǑɄɼ ̇˥ƨƕ ɼŗȳȕ ɮ
ƨ˥ɱɄȳƨȳʚǶŗț Ƕȳ Ɛ ǑɄɼ Ǒʯțț ɼŗȳȕ ƕŗʚŗ ɮ = Ɛࣖ ÿǫǶʌ Ɖŗȳ ȳɄʚ ſƨ ǶȭɱɼɄ˙ƨƕ
ʯȳțƨʌʌ × = �× ƨ˙ƨȳ ǑɄɼ ȣ = ࣖࡹ

ࡹ



ÿŗſțƨ ɄǑ ,Ʉȳʚƨȳʚʌ

ࡹ ,ǫŗțțƨȳǖƨʌ Ƕȳ ƕƨƨɱ țƨŗɼȳǶȳǖ

ࡽ ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ǑɄɼ ʌǫŗțțɄ˝ ȳƨʚ˝Ʉɼȕʌ

ࢁ ,Ʉȳ˙ɄțʯʚǶɄȳŗț ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ ࣯,¥¥ʌࣱ

ࢅ ĬƨƉʚɄɼࣽɄʯʚɱʯʚ ࣯ȭʯțʚǶƉțŗʌʌࣱ ȳƨʚ˝Ʉɼȕʌ

ࢉ $ŗʚƉǫ ȳɄɼȭŗțǶ˲ŗʚǶɄȳ țŗ˦ƨɼʌ

ࢍ eƨȳƨɼŗʚǶ˙ƨ ŗƕ˙ƨɼʌŗɼǶŗț ȳƨʚ˝Ʉɼȕʌ ࣯e�¥ʌࣱ

 6ƨƨɱƨɼ ȳƨʚ˝Ʉɼȕʌ

ࡹ



,Ʉȳ˙ɄțʯʚǶɄȳŗț p˦ɱƨɼɱțŗȳƨ �ɼɼŗȳǖƨȭƨȳʚʌ

bʯțț˦ ,ɄȳȳƨƉʚƨƕ࣯b,ࣱ �ɼɼŗȳǖƨȭƨȳʚʌࣘ �ƨʚ ķ ∈ Rȩ×Ɛ ŗȳƕ ɮ = `�MF(ķ)

|{6Ǯ}| :=
∣∣∣{bB;M(ķ˝) : ˝ ∈ RƐ}

∣∣∣ ≤ O
((ȩ

ɮ
)ɮ)

,Ʉȳ˙ɄțʯʚǶɄȳŗț �ɼɼŗȳǖƨȭƨȳʚʌࣘ�ƨʚ ķ ∈ Rȩ×Ɛ ſƨ ɱŗɼʚǶʚǶɄȳƨƕ ǶȳʚɄ �
ɱŗʚƉǫ ȭŗʚɼǶƉƨʌ ŗʌ ķ =

[
ķࡹ ķࡽ . . . ķ�

]
ࣗ ˝ǫƨɼƨ ķȋ ∈ Rȩ×ǣ

∣∣∣{6ȋǮ }
∣∣∣ :=

∣∣∣{bB;M(ķȋ˝) : ˝ ∈ Rǣ}
∣∣∣ ≤ O

((
ȩ�
ǣ

)ǣ)

ǣ(( ɮ) : ̇țʚƨɼ ʌǶ˲ƨࣗ � : # ɄǑ ɱŗʚƉǫƨʌ

࢙ࡹ



,Ʉȳ˙ɄțʯʚǶɄȳŗț p˦ɱƨɼɱțŗȳƨ �ɼɼŗȳǖƨȭƨȳʚʌ

bʯțț˦ ,ɄȳȳƨƉʚƨƕ࣯b,ࣱ �ɼɼŗȳǖƨȭƨȳʚʌࣘ �ƨʚ ķ ∈ Rȩ×Ɛ ŗȳƕ ɮ = `�MF(ķ)

|{6Ǯ}| :=
∣∣∣{bB;M(ķ˝) : ˝ ∈ RƐ}

∣∣∣ ≤ O
((ȩ

ɮ
)ɮ)

,Ʉȳ˙ɄțʯʚǶɄȳŗț �ɼɼŗȳǖƨȭƨȳʚʌࣘ�ƨʚ ķ ∈ Rȩ×Ɛ ſƨ ɱŗɼʚǶʚǶɄȳƨƕ ǶȳʚɄ �
ɱŗʚƉǫ ȭŗʚɼǶƉƨʌ ŗʌ ķ =

[
ķࡹ ķࡽ . . . ķ�

]
ࣗ ˝ǫƨɼƨ ķȋ ∈ Rȩ×ǣ

∣∣∣{6ȋǮ }
∣∣∣ :=

∣∣∣{bB;M(ķȋ˝) : ˝ ∈ Rǣ}
∣∣∣ ≤ O

((
ȩ�
ǣ

)ǣ)

ǣ(( ɮ) : ̇țʚƨɼ ʌǶ˲ƨࣗ � : # ɄǑ ɱŗʚƉǫƨʌ

࢙ࡹ



,¥¥ʌ Ɖŗȳ ſƨ ɄɱʚǶȭǶ˲ƨƕ Ƕȳ Ǒʯțț˦ ɱɄț˦ȳɄȭǶŗț ʚǶȭƨ

eǶ˙ƨȳ ʚǫƨ ƕŗʚŗ ķ ∈ Rȩ×Ɛࣗ țƨŗɼȳǶȳǖ ʚ˝Ʉࣽțŗ˦ƨɼ ƉɄȳ˙ɄțʯʚǶɄȳŗț éƨ�Ď
ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ ȭ ̇țʚƨɼʌࣘ ǋ(ķ) =∑�

ȋ=ࡹ
∑ȣ

ȃ=ࡹ
(
ķȋ˝ࡹȃ

)
+
ȃȋࡽˍ

,Ʉȳ˙ƨ˥ ɱɼɄǖɼŗȭ Ɖŗȳ ſƨ ǖțɄſŗțț˦ ɄɱʚǶȭǶ˲ƨƕ ˝Ƕʚǫ ƉɄȭɱțƨ˥Ƕʚ˦
O
((ȩ�

ǣ
)ǣ)ࣗ ˝ǫƨɼƨ ǣ( ɮ ≤ min{ȩ,Ɛ}ࢅ

ȩ : # ɄǑ ƕŗʚŗ ʌŗȭɱțƨʌࣗ ǣ : ̇țʚƨɼ ʌǶ˲ƨࣗ � : # ɄǑ ɱŗʚƉǫƨʌ

ÿࣖࢅ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶ एyȭɱțǶƉǶʚ ,Ʉȳ˙ƨ˥ éƨǖʯțŗɼǶ˲ƨɼʌ ɄǑ ,¥¥ �ɼƉǫǶʚƨƉʚʯɼƨʌ ࣖࣖ ऐࣖࣗ y,�é ࡹࡽࡱࡽ
ࡱࡽ



¥ʯȭƨɼǶƉŗț E˥ɱƨɼǶȭƨȳʚʌࣘ ÿ˝Ʉࣽțŗ˦ƨɼ bʯțț˦ ,ɄȳȳƨƉʚƨƕ éƨ�Ď ¥ƨʚࣽ
˝Ʉɼȕ

ÿɼŗǶȳǶȳǖ ƉɄʌʚ ɄǑ ŗ ʚ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳƨƕ ˝Ƕʚǫ óe6 ࡱࡹ࣯
ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ ʚɼǶŗțʌࣱ Ʉȳ ŗ ʚɄ˦ ƕŗʚŗʌƨʚ ࣯Ɛ = ࣱࡽ
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࣯ŗࣱ ȣ = 

࣯ſࣱ ȣ = ࡱࢉ

ࡹࡽ



¥ʯȭƨɼǶƉŗț E˥ɱƨɼǶȭƨȳʚʌࣘ ÿ˝Ʉࣽțŗ˦ƨɼ bʯțț˦ ,ɄȳȳƨƉʚƨƕ éƨ�Ď ¥ƨʚࣽ
˝Ʉɼȕ

ÿɼŗǶȳǶȳǖ ƉɄʌʚ ɄǑ ŗ ʚ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳƨƕ ˝Ƕʚǫ óe6 ࡱࡹ࣯
ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ ʚɼǶŗțʌࣱ Ʉȳ ŗ ʚɄ˦ ƕŗʚŗʌƨʚ ࣯Ɛ = ࣱࡽ
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࣯ŗࣱ ȣ = 
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࣯ſࣱ ȣ = ࡱࢉ

ࡹࡽ



¥ʯȭƨɼǶƉŗț E˥ɱƨɼǶȭƨȳʚʌࣘ ÿ˝Ʉࣽțŗ˦ƨɼ ,Ʉȳ˙ɄțʯʚǶɄȳŗț ¥ƨʚ˝Ʉɼȕ Ʉȳ ,yࣽ
b�é

$Ƕȳŗɼ˦ ƉțŗʌʌǶ̇ƉŗʚǶɄȳ Ʉȳ ŗ ʌʯſʌƨʚ ɄǑ ʚǫƨ ,yb�é ƕŗʚŗʌƨʚ
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࣯ŗࣱ ¶ſȍƨƉʚǶ˙ƨ ˙ŗțʯƨ

࣯ſࣱ ÿƨʌʚ ŗƉƉʯɼŗƉ˦

ࡽࡽ



¥ʯȭƨɼǶƉŗț E˥ɱƨɼǶȭƨȳʚʌࣘ ÿ˝Ʉࣽțŗ˦ƨɼ ,Ʉȳ˙ɄțʯʚǶɄȳŗț ¥ƨʚ˝Ʉɼȕ Ʉȳ ,yࣽ
b�é

$Ƕȳŗɼ˦ ƉțŗʌʌǶ̇ƉŗʚǶɄȳ Ʉȳ ŗ ʌʯſʌƨʚ ɄǑ ʚǫƨ ,yb�é ƕŗʚŗʌƨʚ
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࣯ŗࣱ ¶ſȍƨƉʚǶ˙ƨ ˙ŗțʯƨ
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࣯ſࣱ ÿƨʌʚ ŗƉƉʯɼŗƉ˦

ࡽࡽ



óe6 ǑɄɼ ʚǫƨ ,Ʉȳ˙ƨ˥ âɼɄǖɼŗȭ ˙ʌ óe6 ǑɄɼ ʚǫƨ ¥ɄȳࣽƉɄȳ˙ƨ˥ âɼɄſțƨȭ

Ɖțŗʌʌࣽࡱࡹ ƉțŗʌʌǶ̇ƉŗʚǶɄȳ Ʉȳ ʚǫƨ ,yb�é ࡱࣽࡹ ƕŗʚŗʌƨʚ ࣯ȳ ঋ ࣗࡱࡱࡱࡱࢉ ƕ ঋ ࣱࡽࡱࢁ

࣯ŗࣱ ÿɼŗǶȳǶȳǖ ŗƉƉʯɼŗƉ˦

࣯ſࣱ ÿƨʌʚ ŗƉƉʯɼŗƉ˦ࣱ

ࢁࡽ



óe6 ǑɄɼ ʚǫƨ ,Ʉȳ˙ƨ˥ âɼɄǖɼŗȭ ˙ʌ óe6 ǑɄɼ ʚǫƨ ¥ɄȳࣽƉɄȳ˙ƨ˥ âɼɄſțƨȭ

Ɖțŗʌʌࣽࡱࡹ ƉțŗʌʌǶ̇ƉŗʚǶɄȳ Ʉȳ ʚǫƨ ,yb�é ࡱࣽࡹ ƕŗʚŗʌƨʚ ࣯ȳ ঋ ࣗࡱࡱࡱࡱࢉ ƕ ঋ ࣱࡽࡱࢁ

࣯ŗࣱ ÿɼŗǶȳǶȳǖ ŗƉƉʯɼŗƉ˦ ࣯ſࣱ ÿƨʌʚ ŗƉƉʯɼŗƉ˦ࣱ

ࢁࡽ



ÿŗſțƨ ɄǑ ,Ʉȳʚƨȳʚʌ

ࡹ ,ǫŗțțƨȳǖƨʌ Ƕȳ ƕƨƨɱ țƨŗɼȳǶȳǖ

ࡽ ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ǑɄɼ ʌǫŗțțɄ˝ ȳƨʚ˝Ʉɼȕʌ

ࢁ ,Ʉȳ˙ɄțʯʚǶɄȳŗț ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ ࣯,¥¥ʌࣱ

ࢅ ĬƨƉʚɄɼࣽɄʯʚɱʯʚ ࣯ȭʯțʚǶƉțŗʌʌࣱ ȳƨʚ˝Ʉɼȕʌ

ࢉ $ŗʚƉǫ ȳɄɼȭŗțǶ˲ŗʚǶɄȳ țŗ˦ƨɼʌ

ࢍ eƨȳƨɼŗʚǶ˙ƨ ŗƕ˙ƨɼʌŗɼǶŗț ȳƨʚ˝Ʉɼȕʌ ࣯e�¥ʌࣱ

 6ƨƨɱƨɼ ȳƨʚ˝Ʉɼȕʌ

ࢅࡽ



ĬƨƉʚɄɼ ¶ʯʚɱʯʚ ¥ƨʚ˝Ʉɼȕʌࣘ ¥ʯƉțƨŗɼ ¥Ʉɼȭ éƨǖʯțŗɼǶ˲ŗʚǶɄȳ

¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭ ˝Ƕʚǫ * ɄʯʚɱʯʚʌࣩƉțŗʌʌƨʌࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
İࡹ∈RƐ×ȣ,İࡽ∈Rȣ×*

L(φ
(
ķİࡹ

)
İࡽ, ĸ) +

β

ࡽ (‖İࡽ‖ࡹ^ + ‖İࡽ‖ࡽ^)

,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤƅȹȩˉƣ˕ = min
ĎǮ∈C

L
( ×∑

Ǯ=ࡹ
6ǮķĎǮ, ĸ

)
+ β

×∑

Ǯ=ࡹ
‖ĎǮ‖∗

ÿǫƨɄɼƨȭ ࣱ࣯
ɤȩȹȩ−ƅȹȩˉƣ˕ = ɤƅȹȩˉƣ˕ ŗȩƐ ŗȩ ȹɤʋǮȣŗȑ ɾȹȑʠʋǮȹȩ ʋȹ ɤȩȹȩ−ƅȹȩˉƣ˕ ƅŗȩ Żƣ
ɮƣƅȹˉƣɮƣƐ ǋɮȹȣ ȹɤʋǮȣŗȑ ȩȹȩࣽˢƣɮȹ {Ď∗

Ǯ }×Ǯ=ࣖࡹ

ࢉࡽ



ĬƨƉʚɄɼ ¶ʯʚɱʯʚ ¥ƨʚ˝Ʉɼȕʌࣘ ¥ʯƉțƨŗɼ ¥Ʉɼȭ éƨǖʯțŗɼǶ˲ŗʚǶɄȳ

¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭ ˝Ƕʚǫ * ɄʯʚɱʯʚʌࣩƉțŗʌʌƨʌࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
İࡹ∈RƐ×ȣ,İࡽ∈Rȣ×*

L(φ
(
ķİࡹ

)
İࡽ, ĸ) +

β

ࡽ (‖İࡽ‖ࡹ^ + ‖İࡽ‖ࡽ^)

,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤƅȹȩˉƣ˕ = min
ĎǮ∈C

L
( ×∑

Ǯ=ࡹ
6ǮķĎǮ, ĸ

)
+ β

×∑

Ǯ=ࡹ
‖ĎǮ‖∗

ÿǫƨɄɼƨȭ ࣱࢉ࣯
ɤȩȹȩ−ƅȹȩˉƣ˕ = ɤƅȹȩˉƣ˕ ŗȩƐ ŗȩ ȹɤʋǮȣŗȑ ɾȹȑʠʋǮȹȩ ʋȹ ɤȩȹȩ−ƅȹȩˉƣ˕ ƅŗȩ Żƣ
ɮƣƅȹˉƣɮƣƐ ǋɮȹȣ ȹɤʋǮȣŗȑ ȩȹȩࣽˢƣɮȹ {Ď∗

Ǯ }×Ǯ=ࣖࡹ

ࣖ�ࢉ óŗǫǶȳƨɼࣗ ÿࣖ Eɼǖƨȳࣗ �ࣖ âŗʯț ࣗ˦ ¡ࣖ âǶțŗȳƉǶࣗ एĬƨƉʚɄɼࣽɄʯʚɱʯʚ éƨ�Ď ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕ
âɼɄſțƨȭʌ ŗɼƨ ,ɄɱɄʌǶʚǶ˙ƨ âɼɄǖɼŗȭʌ ࣖࣖ ऐࣖࣗ y,�é ࡹࡽࡱࡽ

ࢉࡽ



ÿŗſțƨ ɄǑ ,Ʉȳʚƨȳʚʌ

ࡹ ,ǫŗțțƨȳǖƨʌ Ƕȳ ƕƨƨɱ țƨŗɼȳǶȳǖ

ࡽ ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ǑɄɼ ʌǫŗțțɄ˝ ȳƨʚ˝Ʉɼȕʌ

ࢁ ,Ʉȳ˙ɄțʯʚǶɄȳŗț ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ ࣯,¥¥ʌࣱ

ࢅ ĬƨƉʚɄɼࣽɄʯʚɱʯʚ ࣯ȭʯțʚǶƉțŗʌʌࣱ ȳƨʚ˝Ʉɼȕʌ

ࢉ $ŗʚƉǫ ȳɄɼȭŗțǶ˲ŗʚǶɄȳ țŗ˦ƨɼʌ

ࢍ eƨȳƨɼŗʚǶ˙ƨ ŗƕ˙ƨɼʌŗɼǶŗț ȳƨʚ˝Ʉɼȕʌ ࣯e�¥ʌࣱ

 6ƨƨɱƨɼ ȳƨʚ˝Ʉɼȕʌ

ࢍࡽ



éƨ�Ď ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ $ŗʚƉǫ ¥ɄɼȭŗțǶ˲ŗʚǶɄȳ ࣯$¥ࣱ

$¥ ʚɼŗȳʌǑɄɼȭʌ ŗ ſŗʚƉǫ ɄǑ ƕŗʚŗ ʚɄ ˲ƨɼɄ ȭƨŗȳ ŗȳƕ ʌʚŗȳƕŗɼƕ ƕƨ˙ǶŗʚǶɄȳ
Ʉȳƨࣗ ŗȳƕ ǫŗʌ ʚ˝Ʉ ʚɼŗǶȳŗſțƨ ɱŗɼŗȭƨʚƨɼʌ αࣗ γࣘ

$¥γ,α(˥) =
(yƕ − ࡹ

Ɛࡹࡹò)˥
‖(yƕ − ࡹ

Ɛࡹࡹò)˥‖ࡽ
γ + α

¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
İࡽ˝,ࡹ,γ,α

L($¥γ,α(φ
(
ķİࡹ

)
,ࡽ˝( ˦) +

β

ࡽ (‖İࡽ‖ࡹ^ + (ࡽࡽ‖ࡽ˝‖

,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤƅȹȩˉƣ˕ = min
˝Ǯ,˙Ǯ∈C

L
( ×∑

Ǯ=ࡹ
ĎǮ(˝Ǯ − ˙Ǯ), ˦

)
+ β

×∑

Ǯ=ࡹ
(‖˝Ǯ‖ࡽ + ‖˙Ǯ‖ࡽ)

˝ǫƨɼƨ 6Ǯķ = ĎǮΣǮĬòǮ Ƕʌ ʚǫƨ ƉɄȭɱŗƉʚ óĬ6 ɄǑ 6Ǯķࣗ Ƕࣖƨࣖࣗ $ŗʚƉǫ¥Ʉɼȭ
˝ǫǶʚƨȳʌ țɄƉŗț ƕŗʚŗ

ࡽ



éƨ�Ď ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ $ŗʚƉǫ ¥ɄɼȭŗțǶ˲ŗʚǶɄȳ ࣯$¥ࣱ

$¥ ʚɼŗȳʌǑɄɼȭʌ ŗ ſŗʚƉǫ ɄǑ ƕŗʚŗ ʚɄ ˲ƨɼɄ ȭƨŗȳ ŗȳƕ ʌʚŗȳƕŗɼƕ ƕƨ˙ǶŗʚǶɄȳ
Ʉȳƨࣗ ŗȳƕ ǫŗʌ ʚ˝Ʉ ʚɼŗǶȳŗſțƨ ɱŗɼŗȭƨʚƨɼʌ αࣗ γࣘ

$¥γ,α(˥) =
(yƕ − ࡹ

Ɛࡹࡹò)˥
‖(yƕ − ࡹ

Ɛࡹࡹò)˥‖ࡽ
γ + α

¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
İࡽ˝,ࡹ,γ,α

L($¥γ,α(φ
(
ķİࡹ

)
,ࡽ˝( ˦) +

β

ࡽ (‖İࡽ‖ࡹ^ + (ࡽࡽ‖ࡽ˝‖

,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤƅȹȩˉƣ˕ = min
˝Ǯ,˙Ǯ∈C

L
( ×∑

Ǯ=ࡹ
ĎǮ(˝Ǯ − ˙Ǯ), ˦

)
+ β

×∑

Ǯ=ࡹ
(‖˝Ǯ‖ࡽ + ‖˙Ǯ‖ࡽ)

˝ǫƨɼƨ 6Ǯķ = ĎǮΣǮĬòǮ Ƕʌ ʚǫƨ ƉɄȭɱŗƉʚ óĬ6 ɄǑ 6Ǯķࣗ Ƕࣖƨࣖࣗ $ŗʚƉǫ¥Ʉɼȭ
˝ǫǶʚƨȳʌ țɄƉŗț ƕŗʚŗ

ࡽ



éƨ�Ď ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ $ŗʚƉǫ ¥ɄɼȭŗțǶ˲ŗʚǶɄȳ ࣯$¥ࣱ

$¥ ʚɼŗȳʌǑɄɼȭʌ ŗ ſŗʚƉǫ ɄǑ ƕŗʚŗ ʚɄ ˲ƨɼɄ ȭƨŗȳ ŗȳƕ ʌʚŗȳƕŗɼƕ ƕƨ˙ǶŗʚǶɄȳ
Ʉȳƨࣗ ŗȳƕ ǫŗʌ ʚ˝Ʉ ʚɼŗǶȳŗſțƨ ɱŗɼŗȭƨʚƨɼʌ αࣗ γࣘ

$¥γ,α(˥) =
(yƕ − ࡹ

Ɛࡹࡹò)˥
‖(yƕ − ࡹ

Ɛࡹࡹò)˥‖ࡽ
γ + α

¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
İࡽ˝,ࡹ,γ,α

L($¥γ,α(φ
(
ķİࡹ

)
,ࡽ˝( ˦) +

β

ࡽ (‖İࡽ‖ࡹ^ + (ࡽࡽ‖ࡽ˝‖

,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘࢍ

ɤƅȹȩˉƣ˕ = min
˝Ǯ,˙Ǯ∈C

L
( ×∑

Ǯ=ࡹ
ĎǮ(˝Ǯ − ˙Ǯ), ˦

)
+ β

×∑

Ǯ=ࡹ
(‖˝Ǯ‖ࡽ + ‖˙Ǯ‖ࡽ)

˝ǫƨɼƨ 6Ǯķ = ĎǮΣǮĬòǮ Ƕʌ ʚǫƨ ƉɄȭɱŗƉʚ óĬ6 ɄǑ 6Ǯķࣗ Ƕࣖƨࣖࣗ $ŗʚƉǫ¥Ʉɼȭ
˝ǫǶʚƨȳʌ țɄƉŗț ƕŗʚŗ
ÿࣖࢍ Eɼǖƨȳࣣࣗ �ࣖ óŗǫǶȳƨɼࣣ ƨʚ ŗțࣗ ए6ƨȭ˦ʌʚǶǑ˦Ƕȳǖ $ŗʚƉǫ ¥ɄɼȭŗțǶ˲ŗʚǶɄȳ Ƕȳ éƨ�Ď ¥ƨʚ˝Ʉɼȕʌ ࣖࣖ ऐࣖࣗ
y,�é ࡽࡽࡱࡽ ࡽ



éƨ�Ďॻ$¥ ≡ ,Ʉȳ˙ƨ˥ॻóɱŗɼʌǶʚ˦ॻİǫǶʚƨȳǶȳǖ

¥ɄȳࣽƉɄȳ˙ƨ˥ ,Ʉȳ˙ƨ˥

Input

BatchNorm

Output

=

Input

Whitening

1 0 0

0 0 0

0 0 0

⇥

0 0 0

0 1 0

0 0 0

⇥

. . . 1 0 0

0 1 0

0 0 1

⇥

Output

ķ ∈ Rȩ×Ɛ =====⇒
éƨ�Ďॻ$¥

ķ̃ =
[
Ďࡹ6 . . . 6×Ď

]
∈ Rȩ×Ɛ×

éƨ�Ďॻ$¥ ≡ óɱŗɼʌƨ ƉɄȳ˙ƨ˥ ȭɄƕƨț ŗɱɱțǶƨƕ ʚɄ ˝ǫǶʚƨȳƨƕ ƕŗʚŗ ķ̃
ࡽ



6ƨƨɱ éƨ�Ď ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ $¥

¡Ʉƕƨțࣘ ǋθ,�(ķ) := ,(�)İ(ࡹ−�)� ˝ǫƨɼƨ �(ȑ) :=
(

"Lγ,α

(
�(ȑ−ࡹ)İ(ȑ)

))

+

ÿǫƨɄɼƨȭ
�ɾɾʠȣƣ ʋǣƣ ȩƣʋˍȹɮȋ Ǯɾ ȹˉƣɮɤŗɮŗȣƣʋƣɮǮˢƣƐ ɾࣖʋࣖ _�M;2(�(�−ࡽ)) = Rȩࣗ ʋǣƣȩ ȹɤʋǮȣŗȑ
ɾȹȑʠʋǮȹȩ Ǯȩ ƅȑȹɾƣƐࣽǋȹɮȣ Ǯɾ ŗɾ ǋȹȑȑȹˍɾ

(
(ࡹ−�)˝
ȃ

∗
,˝(�)

ȃ
∗)

=
(
,ȃ˦†(ࡽ−�)�

(
‖˦ȃ‖ࡽ − β

)
+
ƨȃ
)

(
γ
(ࡹ−�)
ȃ

∗
,α

(ࡹ−�)
ȃ

∗)
=

(
‖˦ȃ − ࡹ

ȩ ࡽ‖ò˦ȃࡹࡹ
‖˦ȃ‖ࡽ

,
√ò˦ȃࡹ
ȩ‖˦ȃ‖ࡽ

)
, ∀ȃ ∈ [*]

ˍǣƣɮƣ * Ǯɾ ʋǣƣ ȩʠȣŻƣɮ ȹǋ ƅȑŗɾɾƣɾࣤȹʠʋɤʠʋɾ ŗȩƐ ƨȃ Ǯɾ ʋǣƣ ȃʋǣ ȹɮƐǮȩŗɮ˖ ŻŗɾǮɾ ˉƣƅʋȹɮࣖ

ÿǫǶʌ ŗțʌɄ ƨ˥ɱțŗǶȳʌ ¥ƨʯɼŗț ,Ʉțțŗɱʌƨ Ƕȳ
࣯âŗɱ˦ŗȳ ƨʚ ŗțࣖࣗ ࣱࡱࡽࡱࡽ

࢙ࡽ



6ƨƨɱ éƨ�Ď ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ $¥

¡Ʉƕƨțࣘ ǋθ,�(ķ) := ,(�)İ(ࡹ−�)� ˝ǫƨɼƨ �(ȑ) :=
(

"Lγ,α

(
�(ȑ−ࡹ)İ(ȑ)

))

+

ÿǫƨɄɼƨȭ
�ɾɾʠȣƣ ʋǣƣ ȩƣʋˍȹɮȋ Ǯɾ ȹˉƣɮɤŗɮŗȣƣʋƣɮǮˢƣƐ ɾࣖʋࣖ _�M;2(�(�−ࡽ)) = Rȩࣗ ʋǣƣȩ ȹɤʋǮȣŗȑ
ɾȹȑʠʋǮȹȩ Ǯȩ ƅȑȹɾƣƐࣽǋȹɮȣ Ǯɾ ŗɾ ǋȹȑȑȹˍɾ

(
(ࡹ−�)˝
ȃ

∗
,˝(�)

ȃ
∗)

=
(
,ȃ˦†(ࡽ−�)�

(
‖˦ȃ‖ࡽ − β

)
+
ƨȃ
)

(
γ
(ࡹ−�)
ȃ

∗
,α

(ࡹ−�)
ȃ

∗)
=

(
‖˦ȃ − ࡹ

ȩ ࡽ‖ò˦ȃࡹࡹ
‖˦ȃ‖ࡽ

,
√ò˦ȃࡹ
ȩ‖˦ȃ‖ࡽ

)
, ∀ȃ ∈ [*]

ˍǣƣɮƣ * Ǯɾ ʋǣƣ ȩʠȣŻƣɮ ȹǋ ƅȑŗɾɾƣɾࣤȹʠʋɤʠʋɾ ŗȩƐ ƨȃ Ǯɾ ʋǣƣ ȃʋǣ ȹɮƐǮȩŗɮ˖ ŻŗɾǮɾ ˉƣƅʋȹɮࣖ

ÿǫǶʌ ŗțʌɄ ƨ˥ɱțŗǶȳʌ ¥ƨʯɼŗț ,Ʉțțŗɱʌƨ Ƕȳ
࣯âŗɱ˦ŗȳ ƨʚ ŗțࣖࣗ ࣱࡱࡽࡱࡽ

࢙ࡽ



ÿŗſțƨ ɄǑ ,Ʉȳʚƨȳʚʌ

ࡹ ,ǫŗțțƨȳǖƨʌ Ƕȳ ƕƨƨɱ țƨŗɼȳǶȳǖ

ࡽ ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ǑɄɼ ʌǫŗțțɄ˝ ȳƨʚ˝Ʉɼȕʌ

ࢁ ,Ʉȳ˙ɄțʯʚǶɄȳŗț ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ ࣯,¥¥ʌࣱ

ࢅ ĬƨƉʚɄɼࣽɄʯʚɱʯʚ ࣯ȭʯțʚǶƉțŗʌʌࣱ ȳƨʚ˝Ʉɼȕʌ

ࢉ $ŗʚƉǫ ȳɄɼȭŗțǶ˲ŗʚǶɄȳ țŗ˦ƨɼʌ

ࢍ eƨȳƨɼŗʚǶ˙ƨ ŗƕ˙ƨɼʌŗɼǶŗț ȳƨʚ˝Ʉɼȕʌ ࣯e�¥ʌࣱ

 6ƨƨɱƨɼ ȳƨʚ˝Ʉɼȕʌ

ࡱࢁ



,Ʉȳ˙ƨ˥ eƨȳƨɼŗʚǶ˙ƨ �ƕ˙ƨɼʌŗɼǶŗț ¥ƨʚ˝Ʉɼȕʌ ࣯e�¥ʌࣱ

İŗʌʌƨɼʌʚƨǶȳ e�¥ ɱŗɼŗȭƨʚƨɼǶ˲ƨƕ ˝Ƕʚǫ ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
θǐ

max
θƐ

E˥∼ɤ˕ [6θƐ(˥)]− E˲∼ɤˢ [6θƐ(eθǐ(˲))],

ÿǫƨɄɼƨȭ ࣱ࣯
òˍȹ ȑŗ˖ƣɮ ǐƣȩƣɮŗʋȹɮ ʋˍȹ ȑŗ˖ƣɮ ƐǮɾƅɮǮȣǮȩŗʋȹɮ Ģa�� ɤɮȹŻȑƣȣɾ ŗɮƣ
ƅȹȩˉƣ˕ࣽƅȹȩƅŗˉƣ ǐŗȣƣɾࣖ
ࣖ� óŗǫǶȳƨɼࣣࣗ ÿࣖ Eɼǖƨȳࣣ ƨʚ ŗțࣗ एpǶƕƕƨȳ ,Ʉȳ˙ƨ˥Ƕʚ˦ ɄǑ İŗʌʌƨɼʌʚƨǶȳ e�¥ʌ ࣖࣖ ऐࣖࣗ y,�é ࡽࡽࡱࡽ

ࡹࢁ



ÿ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ƕǶʌƉɼǶȭǶȳŗʚɄɼࣩ ǖƨȳƨɼŗʚɄɼ İe�¥ʌ ǑɄɼ 6ࡹ ƕŗʚŗ

ɄɱʚǶȭŗț ʌɄțʯʚǶɄȳ Ɖŗȳ ſƨ ǑɄʯȳƕ Ƕȳ ƉțɄʌƨƕ ǑɄɼȭ ʯʌǶȳǖ ƉɄȳ˙ƨ˥
ɄɱʚǶȭŗțǶʚ˦ ƉɄȳƕǶʚǶɄȳʌ

λ Ƕʌ ʚǫƨ ˝ƨǶǖǫʚ ƕƨƉŗ˦ ɼƨǖʯțŗɼǶ˲ŗʚǶɄȳ ɱŗɼŗȭƨʚƨɼ ɄǑ ʚǫƨ ƕǶʌƉɼǶȭǶȳŗʚɄɼ

ࡽࢁ



ÿ˝Ʉࣽțŗ˦ƨɼ éƨ�Ď ƕǶʌƉɼǶȭǶȳŗʚɄɼࣩ ǖƨȳƨɼŗʚɄɼ İe�¥ʌ ǑɄɼ 6ࡹ ƕŗʚŗ

ɄɱʚǶȭŗț ʌɄțʯʚǶɄȳ Ɖŗȳ ſƨ ǑɄʯȳƕ Ƕȳ ƉțɄʌƨƕ ǑɄɼȭ ʯʌǶȳǖ ƉɄȳ˙ƨ˥
ɄɱʚǶȭŗțǶʚ˦ ƉɄȳƕǶʚǶɄȳʌ

λ Ƕʌ ʚǫƨ ˝ƨǶǖǫʚ ƕƨƉŗ˦ ɼƨǖʯțŗɼǶ˲ŗʚǶɄȳ ɱŗɼŗȭƨʚƨɼ ɄǑ ʚǫƨ ƕǶʌƉɼǶȭǶȳŗʚɄɼ

ࡽࢁ



ÿŗſțƨ ɄǑ ,Ʉȳʚƨȳʚʌ

ࡹ ,ǫŗțțƨȳǖƨʌ Ƕȳ ƕƨƨɱ țƨŗɼȳǶȳǖ

ࡽ ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ǑɄɼ ʌǫŗțțɄ˝ ȳƨʚ˝Ʉɼȕʌ

ࢁ ,Ʉȳ˙ɄțʯʚǶɄȳŗț ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ ࣯,¥¥ʌࣱ

ࢅ ĬƨƉʚɄɼࣽɄʯʚɱʯʚ ࣯ȭʯțʚǶƉțŗʌʌࣱ ȳƨʚ˝Ʉɼȕʌ

ࢉ $ŗʚƉǫ ȳɄɼȭŗțǶ˲ŗʚǶɄȳ țŗ˦ƨɼʌ

ࢍ eƨȳƨɼŗʚǶ˙ƨ ŗƕ˙ƨɼʌŗɼǶŗț ȳƨʚ˝Ʉɼȕʌ ࣯e�¥ʌࣱ

 6ƨƨɱƨɼ ȳƨʚ˝Ʉɼȕʌ

ࢁࢁ



ÿǫɼƨƨࣽțŗ˦ƨɼ éƨ�Ď ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ ɱŗɼŗțțƨț ŗɼƉǫǶʚƨƉʚʯɼƨ

¡Ʉƕƨțࣘ ¥ɄʚŗʚǶɄȳࣘ

Input

Output

ķ ∈ Rȩ×Ɛ : 6ŗʚŗ ȭŗʚɼǶ˥
˦ ∈ Rȩ : �ŗſƨț ˙ƨƉʚɄɼ
L(·, ·) : ,Ʉȳ˙ƨ˥ țɄʌʌ ǑʯȳƉʚǶɄȳ
β > ࡱ : éƨǖʯțŗɼǶ˲ŗʚǶɄȳ ƉɄƨ˾ƉǶƨȳʚ
θ : �țț ɱŗɼŗȭƨʚƨɼʌ
ȑ ŗȳƕ ȋ : �ŗ˦ƨɼ ŗȳƕ ʌʯſࣽȳƨʚ˝Ʉɼȕ ǶȳƕǶƉƨʌ
İȑȋ ∈ Rȣȑ−ࡹ×ȣȑ : İƨǶǖǫʚʌ

¶ɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
θ

L
( �∑

ȋ=ࡹ

(
(ķİࡹȋ)+ ȋࡽ˝

)
+
,ȋࢁˍ ˦

)
+

β

ࡽ

�∑

ȋ=ࡹ

∑ࢁ

ȑ=ࡹ
‖İȑȋ‖ࡽ^

ࢅࢁ



,Ʉȳ˙ƨ˥ âɼɄǖɼŗȭ ǑɄɼ ÿǫɼƨƨࣽțŗ˦ƨɼ ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ
¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȩȹȩ−ƅȹȩˉƣ˕ = min
θ

L
( �∑

ȋ=ࡹ

(
(ķİࡹȋ)+ ȋࡽ˝

)
+
,ȋࢁˍ ˦

)
+

β

ࡽ

�∑

ȋ=ࡹ

∑ࢁ

ȑ=ࡹ
‖İȑȋ‖ࡽ^

ÿǫƨɄɼƨȭ ࣱ࢙࣯
òǣƣ ȩȹȩࣽƅȹȩˉƣ˕ ʋɮŗǮȩǮȩǐ ɤɮȹŻȑƣȣ ƅŗȩ Żƣ ƣɪʠǮˉŗȑƣȩʋȑ˖ ɾʋŗʋƣƐ ŗɾ

min
˝,˝′∈C

ࡹ
ࡽ
∥∥∥ķ̃ (˝′ − ˝)− ˦

∥∥∥
ࡽ

ࡽ
+ β ࡹ,ࡽ‖˝‖) + (ࡹ,ࡽ‖′˝‖

ˍǣƣɮƣ ‖ · ࡹ,ࡽ‖ Ǯɾ Ɛ ƐǮȣƣȩɾǮȹȩŗȑ ǐɮȹʠɤ ȩȹɮȣࣘ ࡹ,ࡽ‖˝‖ :=
∑×

Ǯ=ࡹ ‖˝Ǯ‖ࡽ

ķ̃ :=

[
ķ̃ɾ ࡱ
ࡱ ķ̃ɾ

]
, ķ̃ɾ :=

[
(ࡹ)6
ࡹ 6

(ࡽ)
ࡹ ķ . . . (ࡹ)6

Ǯ 6
(ࡽ)
ȃ ķ . . . (ࡹ)6

ࡹ× 6
(ࡽ)
ࡽ× ķ
]
.

ÿࣖ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶ एețɄſŗț ¶ɱʚǶȭŗțǶʚ˦ $ƨ˦Ʉȳƕ ÿ˝Ʉ �ŗ˦ƨɼʌࣘ ÿɼŗǶȳǶȳǖ 6ƨƨɱ éƨ�Ď
¥ƨʚ˝Ʉɼȕʌ ˙Ƕŗ ,Ʉȳ˙ƨ˥ âɼɄǖɼŗȭʌऐࣗ y,¡� ࡹࡽࡱࡽ
ÿ࢙ࣖ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶ एâŗʚǫ éƨǖʯțŗɼǶ˲ŗʚǶɄȳࣘ � ,Ʉȳ˙ƨ˥Ƕʚ˦ ŗȳƕ óɱŗɼʌǶʚ˦ yȳƕʯƉǶȳǖ
éƨǖʯțŗɼǶ˲ŗʚǶɄȳ ǑɄɼ âŗɼŗțțƨț éƨ�Ď ¥ƨʚ˝Ʉɼȕʌऐࣗ ŗɼķǶ˙ࣘࢅࢉ࢙ࡱࣖࡱࡹࡹࡽ

ࢉࢁ



6ƨƨɱ éƨ�Ď ¥ƨʚ˝Ʉɼȕʌ ࣯6ƨɱʚǫ � > ࣱࢁ

ŗɼſǶʚɼŗɼǶț˦ ƕƨƨɱ éƨ�Ď ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ ɱŗɼŗțțƨț ŗɼƉǫǶʚƨƉʚʯɼƨ
ÿǫƨɄɼƨȭ ࣱࡹࡹࡱࡹ࣯
òǣƣɮƣ Ǯɾ ŗ ƅȹȩˉƣ˕ ɤɮȹǐɮŗȣ ǋȹɮ ŗɮŻǮʋɮŗɮǮȑ˖ Ɛƣƣɤ ȑǮȩƣŗɮ ŗȩƐ Þƣ�ā
ȩƣʋˍȹɮȋɾ ɾʠƅǣ ʋǣŗʋ ɤȩȹȩ−ƅȹȩˉƣ˕ = ɤƅȹȩˉƣ˕
ÿࣖࡱࡹ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶࣗ एéƨ˙ƨŗțǶȳǖ ʚǫƨ óʚɼʯƉʚʯɼƨ ɄǑ 6ƨƨɱ ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ˙Ƕŗ ,Ʉȳ˙ƨ˥
6ʯŗțǶʚ˦ऐࣗ y,¡� ࡹࡽࡱࡽ
ĸࣖࡹࡹ İŗȳǖࣗ ÿࣖ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶࣗ एâŗɼŗțțƨț 6ƨƨɱ ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ pŗ˙ƨ ńƨɼɄ 6ʯŗțǶʚ˦ eŗɱऐࣗ
y,�é ࢁࡽࡱࡽ ࢍࢁ



âțŗȳ ǑɄɼ ʚǫƨ ɼƨʌʚ ɄǑ ʚǫƨ ʚŗțȕ

pɄ˝ ʚɄ ȭŗȕƨ ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ ŗȳƕ ǶȳǑƨɼƨȳƉƨ ȭɄɼƨ
ƨȳƨɼǖ˦ࣩȭƨȭɄɼ˦ࣩƕŗʚŗ ƨ˾ƉǶƨȳʚࣞ

! ɄɱʚǶȭŗț ɸʯŗȳʚǶ˲ŗʚǶɄȳ ɄǑ ȳƨʚ˝Ʉɼȕ ŗƉʚǶ˙ŗʚǶɄȳʌ
! țŗ˦ƨɼ˝Ƕʌƨ țƨŗɼȳǶȳǖ ɄǑ ƕƨƨɱ ȳƨʯɼŗț ȳƨʚ˝Ʉɼȕ ȭɄƕƨțʌ
! ÿɼŗȳʌǑƨɼ țƨŗɼȳǶȳǖ ˝Ƕʚǫ ɱɼƨʚɼŗǶȳƨƕ ȭɄƕƨțʌ

ࢁ



çʯŗȳʚǶ˲Ƕȳǖ ¥ƨʚ˝Ʉɼȕ �ƉʚǶ˙ŗʚǶɄȳʌ

ƕǶʌƉɼƨʚƨ ˙ŗțʯƨƕ ŗƉʚǶ˙ŗʚǶɄȳ σ(·)

! ƉɄȭɱʯʚŗʚǶɄȳŗț ƨ˾ƉǶƨȳƉ˦
! ǶȳʚƨɼȭƨƕǶŗʚƨ Ǒƨŗʚʯɼƨ ˙ƨƉʚɄɼʌ ŗɼƨ ƕǶʌƉɼƨʚƨ ࣯ƨࣖǖࣖࣗ ࡱ ࣽࡹ ˙ŗțʯƨƕࣱ
! ƨȳŗſțƨʌ ƨ˾ƉǶƨȳʚ ʌʚɄɼŗǖƨ ɄǑ ŗƉʚǶ˙ŗʚǶɄȳ ɱŗʚʚƨɼȳʌ

ࢁ



ÿǫɼƨʌǫɄțƕ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

! ÿǫɼƨʌǫɄțƕ ŗƉʚǶ˙ŗʚǶɄȳʌ ˝Ƕʚǫ ŗ ʚɼŗǶȳŗſțƨ ŗȭɱțǶʚʯƕƨࣘ

σɾ(˕) := ɾ {˕ ≥ {ࡱ =





ɾ ǶǑ ˕ ≥ ࡱ
ࡱ Ʉʚǫƨɼ˝Ƕʌƨ

! ¡Ʉƕƨțࣘ ǋ(ķ) = σʌ�(...σʌࡹ(ķİ(ࡹ))İ(ࡽ)...)İ(�)

! ¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȳɄȳƉɄȳ˙ƨ˥ = min
İ(Ǯ),ʌǮ ∀Ǯ

ࡹ
ࡽ ‖ǋ(ķ)− ࡽࡽ‖˦ +

β
ࡽ

�∑

Ǯ=ࡹ

(
‖İ(Ǯ)‖ࡽ^ + ‖ʌǮ‖ࡽࡽ

)

! ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ Eȳʯȭƨɼŗʚƨ ʚǫƨ ɱŗʚʚƨɼȳʌ ,ࡹ3 ...,3× ŗʌ
ƉɄțʯȭȳʌ ɄǑ ŗȳ ȩ× × ࡱ ࣽࡹ ˙ŗțʯƨƕ ȭŗʚɼǶ˥ 6 ∈ ,ࡱ} ࣖ××ȩ{ࡹ ÿǫƨȳ ˝ƨ ǫŗ˙ƨ

ɤȳɄȳƉɄȳ˙ƨ˥ = ɤƉɄȳ˙ƨ˥ = min
˝∈R×

ࡹ
ࡽ ‖6˝− ࡽࡽ‖˦ + β‖˝‖ࡹ

࢙ࢁ



ÿǫɼƨʌǫɄțƕ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

! ÿǫɼƨʌǫɄțƕ ŗƉʚǶ˙ŗʚǶɄȳʌ ˝Ƕʚǫ ŗ ʚɼŗǶȳŗſțƨ ŗȭɱțǶʚʯƕƨࣘ

σɾ(˕) := ɾ {˕ ≥ {ࡱ =





ɾ ǶǑ ˕ ≥ ࡱ
ࡱ Ʉʚǫƨɼ˝Ƕʌƨ

! ¡Ʉƕƨțࣘ ǋ(ķ) = σʌ�(...σʌࡹ(ķİ(ࡹ))İ(ࡽ)...)İ(�)

! ¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȳɄȳƉɄȳ˙ƨ˥ = min
İ(Ǯ),ʌǮ ∀Ǯ

ࡹ
ࡽ ‖ǋ(ķ)− ࡽࡽ‖˦ +

β
ࡽ

�∑

Ǯ=ࡹ

(
‖İ(Ǯ)‖ࡽ^ + ‖ʌǮ‖ࡽࡽ

)

! ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ Eȳʯȭƨɼŗʚƨ ʚǫƨ ɱŗʚʚƨɼȳʌ ,ࡹ3 ...,3× ŗʌ
ƉɄțʯȭȳʌ ɄǑ ŗȳ ȩ× × ࡱ ࣽࡹ ˙ŗțʯƨƕ ȭŗʚɼǶ˥ 6 ∈ ,ࡱ} ࣖ××ȩ{ࡹ ÿǫƨȳ ˝ƨ ǫŗ˙ƨ

ɤȳɄȳƉɄȳ˙ƨ˥ = ɤƉɄȳ˙ƨ˥ = min
˝∈R×

ࡹ
ࡽ ‖6˝− ࡽࡽ‖˦ + β‖˝‖ࡹ

࢙ࢁ



ÿǫɼƨʌǫɄțƕ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

! ÿǫɼƨʌǫɄțƕ ŗƉʚǶ˙ŗʚǶɄȳʌ ˝Ƕʚǫ ŗ ʚɼŗǶȳŗſțƨ ŗȭɱțǶʚʯƕƨࣘ

σɾ(˕) := ɾ {˕ ≥ {ࡱ =





ɾ ǶǑ ˕ ≥ ࡱ
ࡱ Ʉʚǫƨɼ˝Ƕʌƨ

! ¡Ʉƕƨțࣘ ǋ(ķ) = σʌ�(...σʌࡹ(ķİ(ࡹ))İ(ࡽ)...)İ(�)

! ¥ɄȳࣽƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ

ɤȳɄȳƉɄȳ˙ƨ˥ = min
İ(Ǯ),ʌǮ ∀Ǯ

ࡹ
ࡽ ‖ǋ(ķ)− ࡽࡽ‖˦ +

β
ࡽ

�∑

Ǯ=ࡹ

(
‖İ(Ǯ)‖ࡽ^ + ‖ʌǮ‖ࡽࡽ

)

! ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ Eȳʯȭƨɼŗʚƨ ʚǫƨ ɱŗʚʚƨɼȳʌ ,ࡹ3 ...,3× ŗʌ
ƉɄțʯȭȳʌ ɄǑ ŗȳ ȩ× × ࡱ ࣽࡹ ˙ŗțʯƨƕ ȭŗʚɼǶ˥ 6 ∈ ,ࡱ} ࣖ××ȩ{ࡹ ÿǫƨȳ ˝ƨ ǫŗ˙ƨࡽࡹ

ɤȳɄȳƉɄȳ˙ƨ˥ = ɤƉɄȳ˙ƨ˥ = min
˝∈R×

ࡹ
ࡽ ‖6˝− ࡽࡽ‖˦ + β‖˝‖ࡹ

ÿࣖࡽࡹ Eɼǖƨȳࣗ ƨʚ ŗțࣗ एețɄſŗțț˦ ¶ɱʚǶȭŗț ÿɼŗǶȳǶȳǖ ɄǑ ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ˝Ƕʚǫ ÿǫɼƨʌǫɄțƕ
�ƉʚǶ˙ŗʚǶɄȳ bʯȳƉʚǶɄȳʌऐࣗ y,�é ࢁࡽࡱࡽ

࢙ࢁ



óʚŗȳƕŗɼƕ ǫƨʯɼǶʌʚǶƉࣘ óʚɼŗǶǖǫʚࣽÿǫɼɄʯǖǫ EʌʚǶȭŗʚɄɼ ࣯óÿEࣱ

ࡱࢅ



¥ʯȭƨɼǶƉŗț éƨʌʯțʚʌ ǑɄɼ ÿǫɼƨʌǫɄțƕ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

࣯ŗࣱ (ȩ, Ɛ) = ,ࡱࡽ) (ࡱࡱࡹ ࣯ſࣱ (ȩ, Ɛ) = ,ࡱࢉ) (ࡱࢉ ࣯Ɖࣱ (ȩ, Ɛ) = ,ࡱࡱࡹ) (ࡱࡽ

ÿɼŗǶȳǶȳǖ ƉɄȭɱŗɼǶʌɄȳ ɄǑ Ʉʯɼ ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭʌ ˝Ƕʚǫ ʚǫƨ ʌʚŗȳƕŗɼƕ ȳɄȳࣽƉɄȳ˙ƨ˥
ʚɼŗǶȳǶȳǖ ǫƨʯɼǶʌʚǶƉ ࣯óʚɼŗǶǖǫʚࣽÿǫɼɄʯǖǫ EʌʚǶȭŗʚɄɼ ࣯óÿEࣱ ŗȳƕ óe6ࣱࣖ yȳ ƨŗƉǫ Ɖŗʌƨࣗ
Ʉʯɼ ƉɄȳ˙ƨ˥ ʚɼŗǶȳǶȳǖ ŗțǖɄɼǶʚǫȭʌ ŗƉǫǶƨ˙ƨ țɄ˝ƨɼ ʚɼŗǶȳǶȳǖ ɄſȍƨƉʚǶ˙ƨࣖ óÿE ƕɄƨʌ
ȳɄʚ ˦Ƕƨțƕ ɄɱʚǶȭŗț ɸʯŗȳʚǶ˲ƨƕ ȳƨʚ˝Ʉɼȕʌࣖ

ࡹࢅ



¥ʯȭƨɼǶƉŗț éƨʌʯțʚʌ ǑɄɼ ÿǫɼƨʌǫɄțƕ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

âƨɼǑɄɼȭŗȳƉƨ ƉɄȭɱŗɼǶʌɄȳ Ʉȳ ,yb�é ࣗࡱࣽࡹ ¡¥yóÿࣗ ŗȳƕ Ď,y ¡ŗƉǫǶȳƨ
�ƨŗɼȳǶȳǖ éƨɱɄʌǶʚɄɼ˦ ƕŗʚŗʌƨʚʌ ࣯�ƉƉʯɼŗƉ˦ ↑ࣗ ÿǶȭƨ↓ࣱ

6ŗʚŗʌƨʚ ,Ʉȳ˙ƨ˥ࣽ�ŗʌʌɄ ࣯¶ʯɼʌࣱ ¥ɄȳƉɄȳ˙ƨ˥ࣽóÿE ¥ɄȳƉɄȳ˙ƨ˥ࣽéƨ�Ď ¥ɄȳƉɄȳ˙ƨ˥ࣽ�éƨ�Ď ¥ɄȳƉɄȳ˙ƨ˥ࣽ,éƨ�Ď

�ƉƉʯɼŗƉ˦ ÿǶȭƨ࣯ʌࣱ �ƉƉʯɼŗƉ˦ ÿǶȭƨ࣯ʌࣱ �ƉƉʯɼŗƉ˦ ÿǶȭƨ࣯ʌࣱ �ƉƉʯɼŗƉ˦ ÿǶȭƨ࣯ʌࣱ �ƉƉʯɼŗƉ˦ ÿǶȭƨ࣯ʌࣱ

,yb�éࣽࡴࡻ ࢍࡹ.ࡱ ࢙. ࡹ.ࡱ ࢉ.ࢁ ࢁࡱ.ࡱ .ࢉ ࢙.ࡱ ࡹ.ࡽ࢙ ࡱ.ࡱ ࡹ.
¡¥yóÿ ࡹ࢙࢙࢙.ࡱ ࢅ.࢙ࢁ ࢍ࢙࢙.ࡱ ࢁ.ࡹࢍ ࢅ࢙࢙.ࡱ ࢅ.ࢁࢍ ࢉ࢙࢙.ࡱ ࢉ.ࢉ ࢉ࢙࢙.ࡱ ࢙.ࢅࢍ
ſŗȳȕ ࢉ࢙.ࡱ ࡽ. ࡽ࢙.ࡱ ࢁ.ࢉ ࡱࡱ࢙.ࡱ ࢍ࢙.ࢉ ࢙࢙.ࡱ ࡹࢅ. ࢙.ࡱ ࢉࢁ.ࢍ
Ɖǫƨʌʌࣽȕɼ˙ȕɱ ࢉࢅ࢙.ࡱ ࢅࢁ.ࢉ ࢁ࢙.ࡱ .ࢍ ࢅࢁ࢙.ࡱ ࡹ.ࢍ ࢉࢅ࢙.ࡱ ࢅࢅ. ࡹࢅ࢙.ࡱ ࢉࡹ.ࢍ
ȭŗȭȭɄǖɼŗɱǫǶƉ ࡹ.ࡱ ࢅࢍ.ࡽ ࡱ.ࡱ ࡱࢅ.ࢉ ࢁࡱ.ࡱ ࡹࢉ.ࢍ ࡹࡱ.ࡱ ࢍ.ࢉ ࡹ.ࡱ ࢙ࡽ.ࢉ
ɄɄƉ˦ʚƨʌࣽࢇƕ .ࡱ ࢁࡽ.ࡽ .ࡱ ࡹࢍ.ࢉ ࢍࢉ.ࡱ ࢙ࡱ. ࢁࡽ.ࡱ ࡽࡽ.ࢍ ࡽࢁ.ࡱ ࢙.ࢉ
ɄɄƉ˦ʚƨʌࣽࡿǑ ࢙࢙.ࡱ ࢙࢙.ࡹ ࢍ.ࡱ ࢅࡽ.ࢉ ࢅ.ࡱ ࢙.ࢍ ࢉ.ࡱ ࢙.ࢉ ࢁ.ࡱ ࢍࢅ.ࢉ
Ʉ˲Ʉȳƨ ࢍ࢙.ࡱ ࢉࢍ.ࢁ ࢍ࢙.ࡱ ࡱࢁ.ࢍ ࢍ࢙.ࡱ ࢙.ࢍ ࢍ࢙.ࡱ ࢍ. ࢍ࢙.ࡱ ࡱࡽ.ࢍ
ɱǶȭŗ ࢙ࡹ.ࡱ ࢍ.ࡹ ࡽ.ࡱ ࡱࡽ.ࢉ ࡱࢁ.ࡱ ࢅࢉ.ࢍ ࢅࢁ.ࡱ ࡽ.ࢉ ࢙ࡽ.ࡱ ࢁࡽ.ࢉ
ʌɱŗȭſŗʌƨ ࢙ࡹ࢙.ࡱ ࡹ࢙.ࢍ ࢅࡽ࢙.ࡱ ࡹࢅ. ࢉࡽ࢙.ࡱ ࡹ.ࢍ ࡹࡽ࢙.ࡱ . ࢍࡽ࢙.ࡱ ࡹࢍ.ࢍ
ʌʚŗʚțɄǖࣽǖƨɼȭŗȳ ࡹࢍ.ࡱ ࡽࡽ.ࡽ ࢉࢉ.ࡱ ࢅ.ࢉ ࢍࢉ.ࡱ ࢙ࢁ.ࢍ ࢁࢉ.ࡱ ࢙.ࢉ ࢉ.ࡱ ࢅ.ࢉ
ʚǶƉࣽʚŗƉࣽʚɄƨ ࡱ࢙.ࡱ ࢙.ࡹ ࢅࢉ࢙.ࡱ ࢙.ࢅ ࡽࢁ࢙.ࡱ ࢁࢍ.ࢍ ࢍࡽ࢙.ࡱ ࡹࢍ.ࢉ ࡹࢉ࢙.ࡱ ࡹ.ࢉ
ʚǶʚŗȳǶƉ .ࡱ ࢉࢁ.ࡱ ࡱ࢙.ࡱ ࢍࡱ.ࢉ ࢅ.ࡱ ࡱࢁ.ࢍ ࢍ࢙.ࡱ ࢅࡽ.ࢍ ࢅ.ࡱ ࢙ࡹ.ࢉ
�ƉƉʯɼŗƉ˦ࣩÿǶȭƨ ࢁࡹ/࢙ ࢁࡹ/ࡹࡹ ࢁࡹ/ࡽ ࢁࡹ/ࡹ ࢁࡹ/ࡽ ࢁࡹ/ࡹ ࢁࡹ/ࢅ ࢁࡹ/ࡱ ࢁࡹ/ࡽ ࢁࡹ/ࡱ

ࡽࢅ



¥ʯȭƨɼǶƉŗț éƨʌʯțʚʌ ǑɄɼ ÿǫɼƨʌǫɄțƕ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

¶ɼǶǖǶȳŗț Ƕȭŗǖƨʌ

¥ɄȳƉɄȳ˙ƨ˥ ʚɼŗǶȳǶȳǖ

,Ʉȳ˙ƨ˥ ʚɼŗǶȳǶȳǖ

ࢁࢅ



¥ʯȭƨɼǶƉŗț éƨʌʯțʚʌ ǑɄɼ ÿǫɼƨʌǫɄțƕ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

¶ɼǶǖǶȳŗț Ƕȭŗǖƨʌ

¥ɄȳƉɄȳ˙ƨ˥ ʚɼŗǶȳǶȳǖ

,Ʉȳ˙ƨ˥ ʚɼŗǶȳǶȳǖ

ࢁࢅ



¥ʯȭƨɼǶƉŗț éƨʌʯțʚʌ ǑɄɼ ÿǫɼƨʌǫɄțƕ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

¶ɼǶǖǶȳŗț Ƕȭŗǖƨʌ

¥ɄȳƉɄȳ˙ƨ˥ ʚɼŗǶȳǶȳǖ

,Ʉȳ˙ƨ˥ ʚɼŗǶȳǶȳǖ

ࢁࢅ



çʯŗȳʚǶ˲ƨƕ ࣯ȭʯțʚǶࣽʌʚƨɱࣱ �ƉʚǶ˙ŗʚǶɄȳ ¥ƨʚ˝Ʉɼȕʌ

! ÿǫɼƨʌǫɄțƕ ŗƉʚǶ˙ŗʚǶɄȳʌ ˝Ƕʚǫ ŗ ʚɼŗǶȳŗſțƨ ŗȭɱțǶʚʯƕƨࣘ

σɾ(˕) =






ࣖࣖ
ࣖ
ɾࡽ− ǶǑ − ࡽ ≤ ˕ < ࡹ−
−ɾ ǶǑ − ࡹ ≤ ˕ < ࡱ
ࡱ ǶǑ ࡱ ≤ ˕ < ࡹ
ɾ ǶǑ ࡹ ≤ ˕ < ࡽ
ࣖࣖ
ࣖ

! ,Ʉȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ɱɼɄſțƨȭࣘ ÿǫƨɼƨ Ƕʌ ŗ ̇˥ƨƕ ȭŗʚɼǶ˥
6 ∈ {. . . ,ࡹ−,ࡽ−, ,ࡱ ,ࡹ ,ࡽ . . .}ȩ×× ʌʯƉǫ ʚǫŗʚ

ɤȳɄȳƉɄȳ˙ƨ˥ = ɤƉɄȳ˙ƨ˥ = min
˝∈R×

ࡹ
ࡽ ‖6˝− ࡽࡽ‖˦ + β‖˝‖ࡹ

ࢅࢅ



,Ʉȳ˙ƨ˥ �ŗ˦ƨɼࣽİǶʌƨ ÿɼŗǶȳǶȳǖ ɄǑ 6ƨƨɱ ¥ƨʚ˝Ʉɼȕʌ

࣯Ƕࣱ ʚɼŗǶȳ ŗ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʯʌǶȳǖ ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ

࣯ǶǶࣱ ̇˥ ʚǫƨ ǫǶƕƕƨȳ țŗ˦ƨɼ ʚɄ ʯʌƨ ŗʌ Ǒƨŗʚʯɼƨ ƨȭſƨƕƕǶȳǖ

࣯ǶǶǶࣱ ɼƨɱƨŗʚ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ʉȳ ʚǫƨʌƨ Ǒƨŗʚʯɼƨʌ࣯ǶǶǶࣱ ɼƨɱƨŗʚ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ʉȳ ʚǫƨʌƨ Ǒƨŗʚʯɼƨʌ
! țɄ˝ ȭƨȭɄɼ˦ ƉɄȳʌʯȭɱʚǶɄȳ
! ȭɄƕʯțŗɼ ȭɄƕƨțʌࣘ ȳƨʚ˝Ʉɼȕʌ Ɖŗȳ ȕƨƨɱ ƨ˙Ʉț˙Ƕȳǖ
! ƨŗƉǫ ƉɄȳ˙ƨ˥ ȭɄƕƨț Ƕʌ ʚɼŗǶȳƨƕ ʚɄ ǖțɄſŗț ɄɱʚǶȭŗțǶʚ˦ ƨ˾ƉǶƨȳʚț˦ ˝Ƕʚǫ

ȳɄ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʚʯȳǶȳǖ

ࢉࢅ



,Ʉȳ˙ƨ˥ �ŗ˦ƨɼࣽİǶʌƨ ÿɼŗǶȳǶȳǖ ɄǑ 6ƨƨɱ ¥ƨʚ˝Ʉɼȕʌ

࣯Ƕࣱ ʚɼŗǶȳ ŗ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʯʌǶȳǖ ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ

࣯ǶǶࣱ ̇˥ ʚǫƨ ǫǶƕƕƨȳ țŗ˦ƨɼ ʚɄ ʯʌƨ ŗʌ Ǒƨŗʚʯɼƨ ƨȭſƨƕƕǶȳǖ

࣯ǶǶǶࣱ ɼƨɱƨŗʚ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ʉȳ ʚǫƨʌƨ Ǒƨŗʚʯɼƨʌ࣯ǶǶǶࣱ ɼƨɱƨŗʚ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ʉȳ ʚǫƨʌƨ Ǒƨŗʚʯɼƨʌ
! țɄ˝ ȭƨȭɄɼ˦ ƉɄȳʌʯȭɱʚǶɄȳ
! ȭɄƕʯțŗɼ ȭɄƕƨțʌࣘ ȳƨʚ˝Ʉɼȕʌ Ɖŗȳ ȕƨƨɱ ƨ˙Ʉț˙Ƕȳǖ
! ƨŗƉǫ ƉɄȳ˙ƨ˥ ȭɄƕƨț Ƕʌ ʚɼŗǶȳƨƕ ʚɄ ǖțɄſŗț ɄɱʚǶȭŗțǶʚ˦ ƨ˾ƉǶƨȳʚț˦ ˝Ƕʚǫ

ȳɄ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʚʯȳǶȳǖ

ࢉࢅ



,Ʉȳ˙ƨ˥ �ŗ˦ƨɼࣽİǶʌƨ ÿɼŗǶȳǶȳǖ ɄǑ 6ƨƨɱ ¥ƨʚ˝Ʉɼȕʌ

࣯Ƕࣱ ʚɼŗǶȳ ŗ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʯʌǶȳǖ ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ

࣯ǶǶࣱ ̇˥ ʚǫƨ ǫǶƕƕƨȳ țŗ˦ƨɼ ʚɄ ʯʌƨ ŗʌ Ǒƨŗʚʯɼƨ ƨȭſƨƕƕǶȳǖ

࣯ǶǶǶࣱ ɼƨɱƨŗʚ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ʉȳ ʚǫƨʌƨ Ǒƨŗʚʯɼƨʌ

࣯ǶǶǶࣱ ɼƨɱƨŗʚ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ʉȳ ʚǫƨʌƨ Ǒƨŗʚʯɼƨʌ
! țɄ˝ ȭƨȭɄɼ˦ ƉɄȳʌʯȭɱʚǶɄȳ
! ȭɄƕʯțŗɼ ȭɄƕƨțʌࣘ ȳƨʚ˝Ʉɼȕʌ Ɖŗȳ ȕƨƨɱ ƨ˙Ʉț˙Ƕȳǖ
! ƨŗƉǫ ƉɄȳ˙ƨ˥ ȭɄƕƨț Ƕʌ ʚɼŗǶȳƨƕ ʚɄ ǖțɄſŗț ɄɱʚǶȭŗțǶʚ˦ ƨ˾ƉǶƨȳʚț˦ ˝Ƕʚǫ

ȳɄ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʚʯȳǶȳǖ

ࢉࢅ



,Ʉȳ˙ƨ˥ �ŗ˦ƨɼࣽİǶʌƨ ÿɼŗǶȳǶȳǖ ɄǑ 6ƨƨɱ ¥ƨʚ˝Ʉɼȕʌ

࣯Ƕࣱ ʚɼŗǶȳ ŗ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʯʌǶȳǖ ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ

࣯ǶǶࣱ ̇˥ ʚǫƨ ǫǶƕƕƨȳ țŗ˦ƨɼ ʚɄ ʯʌƨ ŗʌ Ǒƨŗʚʯɼƨ ƨȭſƨƕƕǶȳǖ

࣯ǶǶǶࣱ ɼƨɱƨŗʚ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ʉȳ ʚǫƨʌƨ Ǒƨŗʚʯɼƨʌ࣯ǶǶǶࣱ ɼƨɱƨŗʚ ʚ˝Ʉࣽțŗ˦ƨɼ ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ʉȳ ʚǫƨʌƨ Ǒƨŗʚʯɼƨʌ
! țɄ˝ ȭƨȭɄɼ˦ ƉɄȳʌʯȭɱʚǶɄȳ
! ȭɄƕʯțŗɼ ȭɄƕƨțʌࣘ ȳƨʚ˝Ʉɼȕʌ Ɖŗȳ ȕƨƨɱ ƨ˙Ʉț˙Ƕȳǖ
! ƨŗƉǫ ƉɄȳ˙ƨ˥ ȭɄƕƨț Ƕʌ ʚɼŗǶȳƨƕ ʚɄ ǖțɄſŗț ɄɱʚǶȭŗțǶʚ˦ ƨ˾ƉǶƨȳʚț˦ ˝Ƕʚǫ

ȳɄ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʚʯȳǶȳǖ
ࢉࢅ



¥ʯȭƨɼǶƉŗț ɼƨʌʯțʚʌ ǑɄɼ țŗ˦ƨɼࣽ˝Ƕʌƨ ƉɄȳ˙ƨ˥ țƨŗɼȳǶȳǖ Ʉȳ ,yb�é ࡱࣽࡹ

convex layerwise training

�ƉƉʯɼŗƉ˦ �ŗ˦ƨɼʌ

EȳƕࣽʚɄࣽƨȳƕ ,¥¥ ࣖࡻ 
�țƨ˥¥ƨʚ ࡿ 
éƨʌ¥ƨʚ ࢃ ࡻ
Ĭee ࢛ ࡻ

ࢍࢅ



¥ʯȭƨɼǶƉŗț ɼƨʌʯțʚʌ ǑɄɼ țŗ˦ƨɼࣽ˝Ƕʌƨ ƉɄȳ˙ƨ˥ țƨŗɼȳǶȳǖ Ʉȳ ,yb�é ࡱࣽࡹ

convex layerwise training

�ƉƉʯɼŗƉ˦ �ŗ˦ƨɼʌ

EȳƕࣽʚɄࣽƨȳƕ ,¥¥ ࣖࡻ 

�țƨ˥¥ƨʚ ࡿ 
éƨʌ¥ƨʚ ࢃ ࡻ
Ĭee ࢛ ࡻ

ࢍࢅ



¥ʯȭƨɼǶƉŗț ɼƨʌʯțʚʌ ǑɄɼ țŗ˦ƨɼࣽ˝Ƕʌƨ ƉɄȳ˙ƨ˥ țƨŗɼȳǶȳǖ Ʉȳ ,yb�é ࡱࣽࡹ

convex layerwise training

�ƉƉʯɼŗƉ˦ �ŗ˦ƨɼʌ

EȳƕࣽʚɄࣽƨȳƕ ,¥¥ ࣖࡻ 
�țƨ˥¥ƨʚ ࡿ 

éƨʌ¥ƨʚ ࢃ ࡻ
Ĭee ࢛ ࡻ

ࢍࢅ



¥ʯȭƨɼǶƉŗț ɼƨʌʯțʚʌ ǑɄɼ țŗ˦ƨɼࣽ˝Ƕʌƨ ƉɄȳ˙ƨ˥ țƨŗɼȳǶȳǖ Ʉȳ ,yb�é ࡱࣽࡹ

convex layerwise training

�ƉƉʯɼŗƉ˦ �ŗ˦ƨɼʌ

EȳƕࣽʚɄࣽƨȳƕ ,¥¥ ࣖࡻ 
�țƨ˥¥ƨʚ ࡿ 
éƨʌ¥ƨʚ ࢃ ࡻ

Ĭee ࢛ ࡻ

ࢍࢅ



¥ʯȭƨɼǶƉŗț ɼƨʌʯțʚʌ ǑɄɼ țŗ˦ƨɼࣽ˝Ƕʌƨ ƉɄȳ˙ƨ˥ țƨŗɼȳǶȳǖ Ʉȳ ,yb�é ࡱࣽࡹ

convex layerwise training

�ƉƉʯɼŗƉ˦ �ŗ˦ƨɼʌ

EȳƕࣽʚɄࣽƨȳƕ ,¥¥ ࣖࡻ 
�țƨ˥¥ƨʚ ࡿ 
éƨʌ¥ƨʚ ࢃ ࡻ
Ĭee ࢛ ࡻ

ࢍࢅ



ÿɼŗȳʌǑƨɼ �ƨŗɼȳǶȳǖࣘ âƨɼʌɄȳ 6ƨʚƨƉʚǶɄȳ Ʉȳ ʚǫƨ ,¶,¶ ƕŗʚŗʌƨʚ

$Ƕȳŗɼ˦ ƉțŗʌʌǶ̇ƉŗʚǶɄȳ Ʉȳ ʚǫƨ ,¶,¶ ƕŗʚŗʌƨʚ ࣯ȳ ঋ ȕࣗࡱࡽ ࢍࢉࡽ × ࢍࢉࡽ Ƕȭŗǖƨʌࣱ
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Learning Rate
0.575

0.600

0.625

0.650

0.675

0.700

0.725

0.750

Te
st

 A
cc

ur
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,Ĭķࣘ ,Ʉȳ˙ƨ˥ ,¥¥
¥,Ĭķࣘ ¥ɄȳƉɄȳ˙ƨ˥ ,¥¥

ࢅ



ÿɼŗȳʌǑƨɼ �ƨŗɼȳǶȳǖࣘ âƨɼʌɄȳ 6ƨʚƨƉʚǶɄȳ Ʉȳ ʚǫƨ ,¶,¶ ƕŗʚŗʌƨʚ

$Ƕȳŗɼ˦ ƉțŗʌʌǶ̇ƉŗʚǶɄȳ Ʉȳ ʚǫƨ ,¶,¶ ƕŗʚŗʌƨʚ ࣯ȳ ঋ ȕࣗࡱࡽ ࢍࢉࡽ × ࢍࢉࡽ Ƕȭŗǖƨʌࣱ

10−5 10−4 10−3 10−2

Learning Rate
0.575

0.600

0.625
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0.700
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Te
st
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ac

y
CVX
CVX-P
NCVX
NCVX-P

,Ĭķࣘ ,Ʉȳ˙ƨ˥ ,¥¥
¥,Ĭķࣘ ¥ɄȳƉɄȳ˙ƨ˥ ,¥¥

,Ĭķࣽâࣘ ,Ʉȳ˙ƨ˥ ,¥¥ ʚɼŗǶȳƨƕ Ʉȳ ¡ɄſǶțƨ¥ƨʚĬࢁ Ǒƨŗʚʯɼƨʌ
¥,Ĭķࣽâࣘ ¥ɄȳƉɄȳ˙ƨ˥ ,¥¥ ʚɼŗǶȳƨƕ Ʉȳ ¡ɄſǶțƨ¥ƨʚĬࢁ Ǒƨŗʚʯɼƨʌ ࢅ



ÿŗȕƨŗ˝ŗ˦ʌ ŗȳƕ ¶ɱƨȳ âɼɄſțƨȭʌ

! éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ ǫǶǖǫ ƕǶȭƨȳʌǶɄȳʌ

ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ʚǫƨɄɼ˦ ŗȳƕ ʌɄț˙ƨɼʌ Ɖŗȳ ſƨ ŗɱɱțǶƨƕ
ƕɄȳऒʚ ȳƨƨƕ ǫƨʯɼǶʌʚǶƉʌ Ʉɼ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʌƨŗɼƉǫࣗ ƨࣖǖࣖࣗ țƨŗɼȳǶȳǖ ɼŗʚƨ
ŗȳƕ ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ

! ÿɼŗǶȳǶȳǖ ƉɄȭɱțƨ˥Ƕʚ˦ Ƕʌ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ ˝ࣖɼࣖ ʚࣖ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ʌŗȭɱțƨʌ ȩ ŗȳƕ ʚǫƨ Ǒƨŗʚʯɼƨ ƕǶȭƨȳʌǶɄȳ Ɛ

! ŗɼƉǫǶʚƨƉʚʯɼƨ ʌƨŗɼƉǫ ঋ ɼƨǖʯțŗɼǶ˲ƨɼ ʌƨŗɼƉǫ ࣯ǖɼɄʯɱ ,ࡹ) ȳʯƉțƨŗɼ
ȳɄɼȭࣱࣗࣖࣖࣖ

bʯʚʯɼƨ ɼƨʌƨŗɼƉǫ ƕǶɼƨƉʚǶɄȳʌࣘ
! Ǒŗʌʚƨɼ ŗțǖɄɼǶʚǫȭʌ ʚɄ ʌɄț˙ƨ ǫǶǖǫࣽƕǶȭƨȳʌǶɄȳŗț ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭʌ
! ¶ʚǫƨɼ ¥¥ ŗɼƉǫǶʚƨƉʚʯɼƨʌࣘ ÿɼŗȳʌǑɄɼȭƨɼʌࣗ ƕǶ˽ʯʌǶɄȳ ȭɄƕƨțʌ ࣖࣖࣖ

ʚɄțǖŗƨɼǖƨȳऌ ʌʚŗȳǑɄɼƕࣖƨƕʯࣩ∼ƨɼǖƨȳࣩ
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! éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ ǫǶǖǫ ƕǶȭƨȳʌǶɄȳʌ
ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ʚǫƨɄɼ˦ ŗȳƕ ʌɄț˙ƨɼʌ Ɖŗȳ ſƨ ŗɱɱțǶƨƕ

ƕɄȳऒʚ ȳƨƨƕ ǫƨʯɼǶʌʚǶƉʌ Ʉɼ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʌƨŗɼƉǫࣗ ƨࣖǖࣖࣗ țƨŗɼȳǶȳǖ ɼŗʚƨ
ŗȳƕ ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ

! ÿɼŗǶȳǶȳǖ ƉɄȭɱțƨ˥Ƕʚ˦ Ƕʌ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ ˝ࣖɼࣖ ʚࣖ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ʌŗȭɱțƨʌ ȩ ŗȳƕ ʚǫƨ Ǒƨŗʚʯɼƨ ƕǶȭƨȳʌǶɄȳ Ɛ

! ŗɼƉǫǶʚƨƉʚʯɼƨ ʌƨŗɼƉǫ ঋ ɼƨǖʯțŗɼǶ˲ƨɼ ʌƨŗɼƉǫ ࣯ǖɼɄʯɱ ,ࡹ) ȳʯƉțƨŗɼ
ȳɄɼȭࣱࣗࣖࣖࣖ

bʯʚʯɼƨ ɼƨʌƨŗɼƉǫ ƕǶɼƨƉʚǶɄȳʌࣘ
! Ǒŗʌʚƨɼ ŗțǖɄɼǶʚǫȭʌ ʚɄ ʌɄț˙ƨ ǫǶǖǫࣽƕǶȭƨȳʌǶɄȳŗț ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭʌ
! ¶ʚǫƨɼ ¥¥ ŗɼƉǫǶʚƨƉʚʯɼƨʌࣘ ÿɼŗȳʌǑɄɼȭƨɼʌࣗ ƕǶ˽ʯʌǶɄȳ ȭɄƕƨțʌ ࣖࣖࣖ

ʚɄțǖŗƨɼǖƨȳऌ ʌʚŗȳǑɄɼƕࣖƨƕʯࣩ∼ƨɼǖƨȳࣩ
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! éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ ǫǶǖǫ ƕǶȭƨȳʌǶɄȳʌ
ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ʚǫƨɄɼ˦ ŗȳƕ ʌɄț˙ƨɼʌ Ɖŗȳ ſƨ ŗɱɱțǶƨƕ
ƕɄȳऒʚ ȳƨƨƕ ǫƨʯɼǶʌʚǶƉʌ Ʉɼ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʌƨŗɼƉǫࣗ ƨࣖǖࣖࣗ țƨŗɼȳǶȳǖ ɼŗʚƨ
ŗȳƕ ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ

! ÿɼŗǶȳǶȳǖ ƉɄȭɱțƨ˥Ƕʚ˦ Ƕʌ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ ˝ࣖɼࣖ ʚࣖ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ʌŗȭɱțƨʌ ȩ ŗȳƕ ʚǫƨ Ǒƨŗʚʯɼƨ ƕǶȭƨȳʌǶɄȳ Ɛ

! ŗɼƉǫǶʚƨƉʚʯɼƨ ʌƨŗɼƉǫ ঋ ɼƨǖʯțŗɼǶ˲ƨɼ ʌƨŗɼƉǫ ࣯ǖɼɄʯɱ ,ࡹ) ȳʯƉțƨŗɼ
ȳɄɼȭࣱࣗࣖࣖࣖ

bʯʚʯɼƨ ɼƨʌƨŗɼƉǫ ƕǶɼƨƉʚǶɄȳʌࣘ
! Ǒŗʌʚƨɼ ŗțǖɄɼǶʚǫȭʌ ʚɄ ʌɄț˙ƨ ǫǶǖǫࣽƕǶȭƨȳʌǶɄȳŗț ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭʌ
! ¶ʚǫƨɼ ¥¥ ŗɼƉǫǶʚƨƉʚʯɼƨʌࣘ ÿɼŗȳʌǑɄɼȭƨɼʌࣗ ƕǶ˽ʯʌǶɄȳ ȭɄƕƨțʌ ࣖࣖࣖ

ʚɄțǖŗƨɼǖƨȳऌ ʌʚŗȳǑɄɼƕࣖƨƕʯࣩ∼ƨɼǖƨȳࣩ
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! éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ ǫǶǖǫ ƕǶȭƨȳʌǶɄȳʌ
ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ʚǫƨɄɼ˦ ŗȳƕ ʌɄț˙ƨɼʌ Ɖŗȳ ſƨ ŗɱɱțǶƨƕ
ƕɄȳऒʚ ȳƨƨƕ ǫƨʯɼǶʌʚǶƉʌ Ʉɼ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʌƨŗɼƉǫࣗ ƨࣖǖࣖࣗ țƨŗɼȳǶȳǖ ɼŗʚƨ
ŗȳƕ ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ

! ÿɼŗǶȳǶȳǖ ƉɄȭɱțƨ˥Ƕʚ˦ Ƕʌ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ ˝ࣖɼࣖ ʚࣖ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ʌŗȭɱțƨʌ ȩ ŗȳƕ ʚǫƨ Ǒƨŗʚʯɼƨ ƕǶȭƨȳʌǶɄȳ Ɛ

! ŗɼƉǫǶʚƨƉʚʯɼƨ ʌƨŗɼƉǫ ঋ ɼƨǖʯțŗɼǶ˲ƨɼ ʌƨŗɼƉǫ ࣯ǖɼɄʯɱ ,ࡹ) ȳʯƉțƨŗɼ
ȳɄɼȭࣱࣗࣖࣖࣖ

bʯʚʯɼƨ ɼƨʌƨŗɼƉǫ ƕǶɼƨƉʚǶɄȳʌࣘ
! Ǒŗʌʚƨɼ ŗțǖɄɼǶʚǫȭʌ ʚɄ ʌɄț˙ƨ ǫǶǖǫࣽƕǶȭƨȳʌǶɄȳŗț ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭʌ
! ¶ʚǫƨɼ ¥¥ ŗɼƉǫǶʚƨƉʚʯɼƨʌࣘ ÿɼŗȳʌǑɄɼȭƨɼʌࣗ ƕǶ˽ʯʌǶɄȳ ȭɄƕƨțʌ ࣖࣖࣖ
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! éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ ǫǶǖǫ ƕǶȭƨȳʌǶɄȳʌ
ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ʚǫƨɄɼ˦ ŗȳƕ ʌɄț˙ƨɼʌ Ɖŗȳ ſƨ ŗɱɱțǶƨƕ
ƕɄȳऒʚ ȳƨƨƕ ǫƨʯɼǶʌʚǶƉʌ Ʉɼ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʌƨŗɼƉǫࣗ ƨࣖǖࣖࣗ țƨŗɼȳǶȳǖ ɼŗʚƨ
ŗȳƕ ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ

! ÿɼŗǶȳǶȳǖ ƉɄȭɱțƨ˥Ƕʚ˦ Ƕʌ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ ˝ࣖɼࣖ ʚࣖ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ʌŗȭɱțƨʌ ȩ ŗȳƕ ʚǫƨ Ǒƨŗʚʯɼƨ ƕǶȭƨȳʌǶɄȳ Ɛ

! ŗɼƉǫǶʚƨƉʚʯɼƨ ʌƨŗɼƉǫ ঋ ɼƨǖʯțŗɼǶ˲ƨɼ ʌƨŗɼƉǫ ࣯ǖɼɄʯɱ ,ࡹ) ȳʯƉțƨŗɼ
ȳɄɼȭࣱࣗࣖࣖࣖ

bʯʚʯɼƨ ɼƨʌƨŗɼƉǫ ƕǶɼƨƉʚǶɄȳʌࣘ
! Ǒŗʌʚƨɼ ŗțǖɄɼǶʚǫȭʌ ʚɄ ʌɄț˙ƨ ǫǶǖǫࣽƕǶȭƨȳʌǶɄȳŗț ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭʌ
! ¶ʚǫƨɼ ¥¥ ŗɼƉǫǶʚƨƉʚʯɼƨʌࣘ ÿɼŗȳʌǑɄɼȭƨɼʌࣗ ƕǶ˽ʯʌǶɄȳ ȭɄƕƨțʌ ࣖࣖࣖ

ʚɄțǖŗƨɼǖƨȳऌ ʌʚŗȳǑɄɼƕࣖƨƕʯࣩ∼ƨɼǖƨȳࣩ
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! éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ ǫǶǖǫ ƕǶȭƨȳʌǶɄȳʌ
ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ʚǫƨɄɼ˦ ŗȳƕ ʌɄț˙ƨɼʌ Ɖŗȳ ſƨ ŗɱɱțǶƨƕ
ƕɄȳऒʚ ȳƨƨƕ ǫƨʯɼǶʌʚǶƉʌ Ʉɼ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʌƨŗɼƉǫࣗ ƨࣖǖࣖࣗ țƨŗɼȳǶȳǖ ɼŗʚƨ
ŗȳƕ ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ

! ÿɼŗǶȳǶȳǖ ƉɄȭɱțƨ˥Ƕʚ˦ Ƕʌ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ ˝ࣖɼࣖ ʚࣖ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ʌŗȭɱțƨʌ ȩ ŗȳƕ ʚǫƨ Ǒƨŗʚʯɼƨ ƕǶȭƨȳʌǶɄȳ Ɛ

! ŗɼƉǫǶʚƨƉʚʯɼƨ ʌƨŗɼƉǫ ঋ ɼƨǖʯțŗɼǶ˲ƨɼ ʌƨŗɼƉǫ ࣯ǖɼɄʯɱ ,ࡹ) ȳʯƉțƨŗɼ
ȳɄɼȭࣱࣗࣖࣖࣖ

bʯʚʯɼƨ ɼƨʌƨŗɼƉǫ ƕǶɼƨƉʚǶɄȳʌࣘ
! Ǒŗʌʚƨɼ ŗțǖɄɼǶʚǫȭʌ ʚɄ ʌɄț˙ƨ ǫǶǖǫࣽƕǶȭƨȳʌǶɄȳŗț ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭʌ

! ¶ʚǫƨɼ ¥¥ ŗɼƉǫǶʚƨƉʚʯɼƨʌࣘ ÿɼŗȳʌǑɄɼȭƨɼʌࣗ ƕǶ˽ʯʌǶɄȳ ȭɄƕƨțʌ ࣖࣖࣖ

ʚɄțǖŗƨɼǖƨȳऌ ʌʚŗȳǑɄɼƕࣖƨƕʯࣩ∼ƨɼǖƨȳࣩ
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! éƨ�Ď ȳƨʚ˝Ʉɼȕ ʚɼŗǶȳǶȳǖ Ƕʌ ƉɄȳ˙ƨ˥ Ƕȳ ǫǶǖǫ ƕǶȭƨȳʌǶɄȳʌ
ƉɄȳ˙ƨ˥ ɄɱʚǶȭǶ˲ŗʚǶɄȳ ʚǫƨɄɼ˦ ŗȳƕ ʌɄț˙ƨɼʌ Ɖŗȳ ſƨ ŗɱɱțǶƨƕ
ƕɄȳऒʚ ȳƨƨƕ ǫƨʯɼǶʌʚǶƉʌ Ʉɼ ǫ˦ɱƨɼɱŗɼŗȭƨʚƨɼ ʌƨŗɼƉǫࣗ ƨࣖǖࣖࣗ țƨŗɼȳǶȳǖ ɼŗʚƨ
ŗȳƕ ǶȳǶʚǶŗțǶ˲ŗʚǶɄȳ

! ÿɼŗǶȳǶȳǖ ƉɄȭɱțƨ˥Ƕʚ˦ Ƕʌ ɱɄț˦ȳɄȭǶŗțࣽʚǶȭƨ ˝ࣖɼࣖ ʚࣖ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ʌŗȭɱțƨʌ ȩ ŗȳƕ ʚǫƨ Ǒƨŗʚʯɼƨ ƕǶȭƨȳʌǶɄȳ Ɛ

! ŗɼƉǫǶʚƨƉʚʯɼƨ ʌƨŗɼƉǫ ঋ ɼƨǖʯțŗɼǶ˲ƨɼ ʌƨŗɼƉǫ ࣯ǖɼɄʯɱ ,ࡹ) ȳʯƉțƨŗɼ
ȳɄɼȭࣱࣗࣖࣖࣖ

bʯʚʯɼƨ ɼƨʌƨŗɼƉǫ ƕǶɼƨƉʚǶɄȳʌࣘ
! Ǒŗʌʚƨɼ ŗțǖɄɼǶʚǫȭʌ ʚɄ ʌɄț˙ƨ ǫǶǖǫࣽƕǶȭƨȳʌǶɄȳŗț ƉɄȳ˙ƨ˥ ɱɼɄǖɼŗȭʌ
! ¶ʚǫƨɼ ¥¥ ŗɼƉǫǶʚƨƉʚʯɼƨʌࣘ ÿɼŗȳʌǑɄɼȭƨɼʌࣗ ƕǶ˽ʯʌǶɄȳ ȭɄƕƨțʌ ࣖࣖࣖ

ʚɄțǖŗƨɼǖƨȳऌ ʌʚŗȳǑɄɼƕࣖƨƕʯࣩ∼ƨɼǖƨȳࣩ

ʚɄțǖŗƨɼǖƨȳ
ࢅ



éƨǑƨɼƨȳƉƨʌ

UVCPHQTF�GFW�`GTIGP
• ¡ࣖ âǶțŗȳƉǶࣗ ÿࣖ Eɼǖƨȳࣗ ए¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ ŗɼƨ ,Ʉȳ˙ƨ˥ éƨǖ ࣖࣖ ऐࣖࣗ y,¡� ࡱࡽࡱࡽ
• ÿࣖ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶ एyȭɱțǶƉǶʚ ,Ʉȳ˙ƨ˥ éƨǖʯțŗɼǶ˲ƨɼʌ ɄǑ ,¥¥ �ɼƉǫǶʚƨƉʚʯɼƨʌ
ࣖࣖ ऐࣖࣗ y,�é ࡹࡽࡱࡽ

• �ࣖ óŗǫǶȳƨɼࣗ ÿࣖ Eɼǖƨȳ ƨʚ ŗț एĬƨƉʚɄɼࣽɄʯʚɱʯʚ éƨ�Ď ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕ âɼɄſțƨȭʌ
ŗɼƨ ,ɄɱɄʌǶʚǶ˙ƨ âɼɄǖɼŗȭʌ ࣖࣖ ऐࣖࣗ y,�é ࡹࡽࡱࡽ

• ÿࣖ Eɼǖƨȳࣣࣗ �ࣖ óŗǫǶȳƨɼࣣ ƨʚ ŗțࣗ ए6ƨȭ˦ʌʚǶǑ˦Ƕȳǖ $ŗʚƉǫ ¥ɄɼȭŗțǶ˲ŗʚǶɄȳ Ƕȳ éƨ�Ď
¥ƨʚ˝Ʉɼȕʌ ࣖࣖ ऐࣖࣗ y,�é ࡽࡽࡱࡽ

• �ࣖ óŗǫǶȳƨɼࣣࣗ ÿࣖ Eɼǖƨȳࣣ ƨʚ ŗțࣗ एpǶƕƕƨȳ ,Ʉȳ˙ƨ˥Ƕʚ˦ ɄǑ İŗʌʌƨɼʌʚƨǶȳ e�¥ʌ ࣖࣖ ऐࣖࣗ
y,�é ࡽࡽࡱࡽ

• ÿࣖ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶࣗ एețɄſŗț ¶ɱʚǶȭŗțǶʚ˦ $ƨ˦Ʉȳƕ ÿ˝Ʉ �ŗ˦ƨɼʌ ࣖࣖ ऐࣖࣗ y,¡� ࡹࡽࡱࡽ
• ÿࣖ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶࣗ एéƨ˙ƨŗțǶȳǖ ʚǫƨ óʚɼʯƉʚʯɼƨ ɄǑ 6ƨƨɱ ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌ
˙Ƕŗ ,Ʉȳ˙ƨ˥ 6ʯŗțǶʚ˦ऐࣗ y,¡� ࡹࡽࡱࡽ

• ÿࣖ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶ ए ,Ʉȳ˙ƨ˥ eƨɄȭƨʚɼ˦ ŗȳƕ 6ʯŗțǶʚ˦ ɄǑ
¶˙ƨɼࣽɱŗɼŗȭƨʚƨɼǶ˲ƨƕ ¥ƨʯɼŗț ¥ƨʚ˝Ʉɼȕʌऐࣗ �¡�é

• ÿࣖ Eɼǖƨȳࣗ ¡ࣖ âǶțŗȳƉǶࣗ एâŗʚǫ éƨǖʯțŗɼǶ˲ŗʚǶɄȳࣘ � ,Ʉȳ˙ƨ˥Ƕʚ˦ ŗȳƕ óɱŗɼʌǶʚ˦
yȳƕʯƉǶȳǖ éƨǖʯțŗɼǶ˲ŗʚǶɄȳ ǑɄɼ âŗɼŗțțƨț éƨ�Ď ¥ƨʚ˝Ʉɼȕʌऐࣗ ŗɼķǶ˙ࣘࢅࢉ࢙ࡱࣖࡱࡹࡹࡽ

stanford.edu/~ergen


15.084/6.7220 Recitation 9: Projected
Stochastic Gradient Descent and its Convergence

“It does not matter how slowly you go as long as you do not
stop.”-Confucius
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Outline

HW4 and project

Stochastic gradient descent for nonsmooth convex setup

Minibatch SGD and momentum SGD
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HW4

▶ HW4 will be uploaded on Monday, I am still working on the
questions

▶ It will contain one question from the guest recitation, please watch
the video

▶ HW3 will be grade will be uploaded this weekend
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Project

▶ Hope project going well

▶ Please contact me if you face any issue
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Problem setup

▶ We are interested in solving the problem

p⋆ =

(
minimize

x∈Rd
f(x)

subject to x ∈ C,

)
(P)

where we have the following assumptions regarding the nature of the
problem.
We assume:

– f : Rd → (−∞,∞] is a closed (epigraph closed), proper
(dom f ̸= ∅), and subdifferentiable convex function

– C is a nonempty, closed, convex set, with C ⊆ relintdom f
– (P) has a finite optimal solution

Notation:

▶ all norms are Euclidean norm

▶ ΠC is projection onto the set C, will satisfy
∥ΠC(x)−ΠC(y)∥ ≤ ∥x− y∥
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Stochastic oracle

We assume that given an iterate xk, the stochastic oracle is capable of
producing a random vector gk with the following properties:

▶ (unbiased) ∀k≥0 E [gk | xk] ∈ ∂f(xk), and

▶ (bounded variance) ∃G>0 ∀k≥0 E
[
∥gk∥2 | xk

]
≤ G2.



Stochastic gradient descent

1. initialization:
pick x0 ∈ C arbitrarily
2. main iteration:
for k = 0, 1, 2, . . . ,K − 1

(i) pick stepsizes αk > 0 and random gk ∈ Rd satisfying
E [gk | xk] ∈ ∂f(xk) and E

[
∥gk∥2 | xk

]
≤ G2

(ii) compute xk+1 = ΠC (xk − αkgk)
end for
3. return xK
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Convergence analysis: bound E [∥xk+1 − x⋆∥2 | xk]

E
[
∥xk+1 − x⋆∥2 | xk

]

= E
[
∥ΠC(xk − αkgk)−ΠC(x⋆)∥2 | xk

]
▷ using xk+1 = ΠC(xk − αkgk)

≤ E
[
∥xk − αkgk − x⋆∥2 | xk

]
▷ using ∥ΠC(x)−ΠC(y)∥ ≤ ∥x− y∥

= E
[
∥(xk − x⋆)− αkgk∥2 | xk

]
= E

[
∥xk − x⋆∥2 + α2

k∥gk∥2 − 2αk ⟨xk − x⋆; gk⟩ | xk

]
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Convergence analysis: bound E [∥xk+1 − x⋆∥2 | xk]

Now recall that

f(y) ≥ f(x) + ⟨f ′(x); y − x⟩

y←x⋆,x←xk⇒ f(x⋆) ≥ f(xk) + ⟨f ′(xk); x⋆ − xk⟩
⇔ f(x⋆) ≥ f(xk) + ⟨E [gk | xk] ; x⋆ − xk⟩
⇔ f(x⋆) ≥ f(xk)− ⟨E [gk | xk] ; xk − x⋆⟩
⇔ − ⟨E [gk | xk] ; xk − x⋆⟩ ≤ f(x⋆)− f(xk)

So

E
[
∥xk+1 − x⋆∥2 | xk

]
≤ ∥xk − x⋆∥2 + α2

kG
2 + 2αk (−⟨xk − x⋆; E [gk | xk]⟩)

≤ ∥xk − x⋆∥2 + α2
kG

2 + 2αk (f(x⋆)− f(xk))

∴ E
[
∥xk+1 − x⋆∥2 | xk

]
≤ ∥xk − x⋆∥2 + α2

kG
2 − 2αk (f(xk)− f(x⋆))
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Using Adam’s law and montonicity of expectation

▶ Adam’s law says that E [E [Y | X]] = E [Y ]

▶ Montonicity of expectation X ≤ Y ⇒ E [X] ≤ E [Y ]

▶ We have
E
[
∥xk+1 − x⋆∥2 | xk

]
≤ ∥xk − x⋆∥2 +α2

kG
2− 2αk (f(xk)− f(x⋆))

▶ Taking expectation (wrt xk) on both sides we get

E
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E
[
∥xk+1 − x⋆∥2 | xk
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kG
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]
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α2
kG

2]−E [2αk (f(xk)− f(x⋆))]
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]
≤ E
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∥xk − x⋆∥2
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+ α2

kG
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Using Adam’s law and montonicity of expectation

▶ Lets do a telescoping sum

E
[
∥xk+1 − x⋆∥2

]
−E

[
∥xk − x⋆∥2

]
≤ −2αkE [f(xk)− f(x⋆)] + α2

kG
2

E
[
∥xk − x⋆∥2

]
−E

[
∥xk−1 − x⋆∥2

]
≤ −2αkE [f(xk−1)− f(x⋆)] + α2

k−1G
2

...
...

E
[
∥xm+1 − x⋆∥2

]
−E

[
∥xm − x⋆∥2

]
≤ −2αmE [f(xm)− f(x⋆)] + α2

mG2,

▶ We get

E
[
∥xk+1 − x⋆∥2

]
−E

[
∥xm − x⋆∥2

]
≤ −2

k∑
i=m

αiE [f(xi)− f(x⋆)]+G2
k∑

i=m

α2
i
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Modifying the telescoping sum

▶ Recall that ak ≥ 0, bk ≥ 0, we have (mink ak)
∑

k bk ≤
∑

k akbk

▶ Also E [mini Xi] ≤ mini E [Xi]
▶ Now

E
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∥xk+1 − x⋆∥2

]
−E

[
∥xm − x⋆∥2

]
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k∑
i=m

αiE [f(xi)− f(x⋆)] +G2
k∑

i=m

α2
i

⇔ 0 ≤ E
[
∥xk+1 − x⋆∥2

]
≤ E

[
∥xm − x⋆∥2

]
− 2

k∑
i=m

αiE [f(xi)− f(x⋆)] +G2
k∑

i=m

α2
i

⇒ 0 ≤ E
[
∥xm − x⋆∥2

]
− 2

k∑
i=m

αiE [f(xi)− f(x⋆)] +G2
m∑
i=1

α2
i

⇔
k∑

i=m

αiE [f(xi)− f(x⋆)] ≤
1

2

(
E
[
∥xm − x⋆∥2

]
+G2

k∑
i=m

α2
i

)

⇒
(

k∑
i=m

αi

)(
min

i∈{m,...,k}
E [f(xi)− f(x⋆)]

)
≤

1

2

(
E
[
∥xm − x⋆∥2

]
+G2

k∑
i=m

α2
i

)

⇔ min
i∈{m,...,k}

E [f(xi)− f(x⋆)] ≤
E
[
∥xm − x⋆∥2

]
+G2

∑k
i=m α2

i

2
∑k

i=m αi

∴ E

[
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i∈{m,...,k}
{f(xi)− f(x⋆)}
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E
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i

2
∑k
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Showing convergence

▶ We have shown that

E

[
min

i∈{m,...,k}
{f(xi)− f(x⋆)}

]
≤

E
[
∥xm − x⋆∥2

]
+G2

∑k
i=m α2

i

2
∑k

i=m αi

.

▶ In the last inequality, m is arbitrary, so set m← 0, which leads to:

0 ≤ E

[
min

i∈{0,...,k}
{f(xi)− f(x⋆)}

]
≤
∥x0 − x⋆∥2 +G2

∑k
i=0 α

2
i

2
∑k

i=0 αi

.

▶ if we have
∑k

i=0 α
2
i <∞ and

∑k
i=0 αi =∞, then we have

E

[
min

i∈{0,...,k}
f(xi)

]
→ f(x⋆).
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E

[
min

i∈{m,...,k}
{f(xi)− f(x⋆)}

]
≤

E
[
∥xm − x⋆∥2

]
+G2

∑k
i=m α2

i

2
∑k

i=m αi

.

▶ In the last inequality, m is arbitrary, so set m← 0, which leads to:

0 ≤ E

[
min

i∈{0,...,k}
{f(xi)− f(x⋆)}

]
≤
∥x0 − x⋆∥2 +G2

∑k
i=0 α

2
i

2
∑k

i=0 αi

.

▶ if we have
∑k

i=0 α
2
i <∞ and

∑k
i=0 αi =∞, then we have

E

[
min

i∈{0,...,k}
f(xi)

]
→ f(x⋆).



Convergence rate

▶ Additional assumption required:

▶ C is bounded (besides closed and convex), for all x ∈ C, we have
∥x∥ ≤ B

▶ Set αk = α√
k+1

▶ Then we can show that E [f(x̄k)− f(x⋆)] ≤
(

3B2

α + αG2
)

1√
k
,

where x̄k = 1
k

∑k−1
i=0 xk

▶ To the best of my knowledge, no proof that establishes a rate on
E [f(xk)− f(x⋆)]
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Outline

HW4 and project

Stochastic gradient descent for nonsmooth convex setup

Minibatch SGD and momentum SGD

Minibatch SGD and momentum SGD 17



Minibatch SGD

▶ Problem

p⋆ =
(

minimize
x∈Rd

f(x) = 1
n

∑n
i=1 fi(x)

)
(P)

▶ For B ⊂ {1, . . . , n}, define f ′B(xt) =
1
|B|
∑

i∈B f ′i(xt)

▶ Minibatch SGD works as follows

– Pick some Bk ⊂ {1, . . . , n} sampled uniformly among sets of size
b ∈ {1, 2, . . . , n}

– Update xk+1 = xk − αkf
′
Bk

(xk)

▶ If we run N iterations, then convergence rate in averaged function
value gap is O(1/

√
N) for smooth convex fi

▶ No convergence rate for nonsmooth convex function
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Stochastic momentum method

▶ Problem

p⋆ =
(

minimize
x∈Rd

f(x) = 1
n

∑n
i=1 fi(x)

)
(P)

▶ For most, if not all, deep learning solvers is some form of SGD with
momentum

▶ Stochastic momentum method is as follows

▶ Pick some ik ∈ {1, . . . , n} sampled uniformly with probability 1/n

▶ Update xk+1 = xk − αk∇fik(xk) + βk (xk − xk−1)

▶ If we run N iterations, then convergence rate in last iterate function
value gap is O(1/

√
N) for smooth convex fi
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